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��� � ��su�EB JMpGqMN<LuN���� ����� LuD�� J � �*NP� xu��J<� JM@ � xu@CJ

L′ = 4000
��JMFIHoD*FuLuN
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�OsvJt@oJ
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t0(4)
�
2t0(�)

D
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.Jtsu@CD*mCDGFIHoJMLvJ�FON �uFvJM��LuD*mCmCD��rJtsu�EHCxu��Nu�

����J�mnxus�DG@ �Z�E�GBEDM��NPx BEFIHoDG@ �kJM�GDt��FvJMLvJ�� JMBEm 
�LON���xuDAJ,mCD*svJM@CJMprqMN.DGFIHo@nD LuNMB�m���D*B�NPm
��JtHoD*@CB JtB�mSLuB �ZDG@CD*FIHoDGm*�"!S�8NM� 
nD*HCNPm��*NP� �rJr�iB�LvJtLuDGm�B�FIHoD*@CFvJMm�NPx�@CDGD*FIHo@��tFu�GB�JMmy��JtHoD*@oJMBEmG�
s�N�LuD*��NMm<LuD �vFOB�@ xu��J�mnxus�DG@ �Z�E�GBED�B�FIHoD*@CFvJ�D,xu� J D���HCDG@nFvJO��z|NP@ D ��D*��su�ENu�vFvJ ��JMB�NP@nB J
LuNPm sO@CNi�GDGmnmCNPm LOD!LuDGs�NPmCBEprqMN^FuJ`su@CD*mCDGFOprJ LuD!�rJtHoJM��BEmoJMLONP@CD*m�N J � @nD � JtLuN �ZNP@C��JMLuN�

s�NP@CNPmnNbs�NPB�m*� � D*@oJM�E��D*FIHoDM��Nbsu@n{Psu@nB�N �GJtHKJt��B�mCJMLuNP@ 
0xO� ��JtHCDG@CB�JM��s�NM@CNPmnNu� � s�D*moJM@ALOD
�0xuB�HoNPm,su@nN��*DGmnmCNPm0LOD �G@nDGmn�GB���DGFIHCN`LuD�� JtHCDG@nB JMBEm�su@CNiLux��*B�@CD*� mCxus�DG@ �Z���GBEDGm��GNP� @nDGDGFi}
Ho@ �MFu�*B JMm<��JtHoD*@oJMBEmUD,�rJr�iB�LvJMLODGm B�FIHoD*@CFvJMm*�u� 	M@CBENPm<B�Fum�Ho@nxu��D*FIHoNPm<LuD.JMF 	t��B�mnDALuD,��NP@ �ZNP�ENt}
� B�JbLuD�mCxus�DG@ �Z���GBEDGm��*NP�0xuFum*���GNP��N N	s�DG@ �v� �M��D9Ho@CNO� N ��BE�G@CNMmC�G{MsuB�NbLOD �ZNM@CprJ JtH �P��B��rJ

�
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� � �S� }�� � ��� � ��� �
������� � ������������� � � DyN ��B��G@nNPmC�*{PsuBEN LOD�HoxOFuDG��JM��D*FIHoN � ��� � }�� ��� � � ���! 
" 	 � ��#	# ���! � � ������������� � �;�IFvqMN��GNPm�Hoxu��JM� LvJt@�BEF��ZNP@n� JMp���D*m>mCNM�u@CD mCxus�DG@ �Z���*B�DGm�BEF�HCDG@nFvJMmG�
��JMm�JMs�D*FvJMm�LvJ Jt�EHoxO@oJ � 	 ��BE� JbLvJ	B�FIHoD*@ �kJM�*DM�|JMN �ENPF � N LuD�mCxuJ mCxus�DG@ �Z���*B�D�D �iHoD*@CFvJ��
� NMmU��NiLuD*��NPm�LuDA�*@CDGmn�GBE��D*F�HCN0��xuDA�tJM��NPmyD*mnHoxOLvJM@G�OJ0mCxus�DG@ �Z���*B�D mCDG@ 	0mCD*��su@nD HoNM� JMLuJ
�GNM��N�NA�GNPF 
nxuFIHoN�LuD�svJM@nHC���*xu� JMm LuDU��JMBENP@ JM�EHCxu@oJ LuN�J � @nD � JtLuNu� !�� ��N�LuD*��NPm�D*��@nDGLuDt�
�GNM��NANMmS�ixOD<DGmnHCxuLvJM@nDG��NPm�JM��xuB �PDGm�HKJ�mCD*@�	�@CD*su@CD*mCDGFIHoJMLvJ,s�NP@Xxu���*NPF

nxuFIHCN�LOD JM�EHCxu@oJMm
$
hi % �vNPFuLuD i

B�FuLOB��rJ �GJMLvJ�mC�EHCB�N LuN�mCxO�umnHC@oJtHCNu� !S����N�LODG��NMmU�GNPFIHC��F�xuNPm�J mCxus�DG@ �Z���GBED 

LuD*mC�G@nBEHoJbs�NP@�xu� �rJM��s�N LuD JM��Hoxu@CJMm

h(~x)
� NPFOLuD

~x

0xu��J s�NPmCBEprqMNb��DGLOB�LvJ�JMN!��NPF � N

LuN�mCxO�umnHC@oJtHCNu�

��� � & 5<7G) �('�5 1�3!5*) 1,+U)�7*)

� FuBE�GB Jt����DGFIHoD,su@nNPs�NMmnHoN�s�NM@ ( B�LONP� � �$%M¡�� ��
#"P  �X�*NP��N�xu� JMFumCJtH��.D0s�NMmnHoD*@CBENP@C��DGFIHoD
�tJM��BELvJMLuN,�*NP� N JMLO�MDGFIHoN LvJ,HoD*NP@CB�J.LuN0�,@nxus�N.LuDA� DGFONP@C��JM��B �rJMpGqMNu�IN.�GNPFu�*DGB�HoN0LuD�DGm~}
�rJt� J � �����-# ���! ��UmnD�HCNP@CFuNMx�xu��J � @oJMFOLuD��ZD*@C@CJM��D*FIHKJ�FuN D*mnHoxOLuN LuD �ZDGF �P��D*FuNPm �G@n�EHoBE�GNPm

+%O� �   � � � D*��D*@ � &*Fu�GB�J0LuD,B�FI�tJM@CB �MFu�GB�J.LuD�D*mC�GJM� J mCD�LOD*�PD.JMN �kJtHCN LuD�N �uFuBE�GN �GNM��su@nB�}
��DGFIHoN�@CD*��D*�tJMFIHCD�svJt@oJ�xu� mCBEmnHCDG��JO��su@C{ ��B���N�J��*@CBEHCB��GJM��BELvJMLuDt�MmCD*@�N�mCD*xb�GNM��su@nB���DGFIHoN
LuD,�GNM@C@CD*� JMpGqMNu�u��xuD,LuB��PD*@ � D,FuN�s�NPFIHoN��G@C��HoBE�GNu�

� B�FI�tJM@CB �MFu�GB�J�LuD,DGmn�rJM��J 
,HoJM�0� 
G� xu� J �GJM@oJM�9HoD*@C��m�HoBE�rJ0�GNM�0xu� D*� xu��J � @oJMFuLOD
�tJM@CBEDGLvJtLuD�LODAB�FIHoD*@ �kJM�*DGm 
 � � ��z|NM@yD ��D*��su�ENu�iFvJ�� � xO@oJ ����� �kJ ��Jtsu@CD*mCDGFIHoJM��NMmyxu�8s�D*@ �v�
LuD Jt�EHoxO@oJMm �

P1
� svJt@oJ xu� mCxu�OmnHo@CJtHoN!LOD0HKJM��JMF��uN

L = 16000
�,� � s�DG@ �v�>mnB���B�� Jt@ J

P1
�Z�GNP� JMm ��D*mC��JMm su@CNPsO@CB�D*LvJMLuD*m � D*NP� 
*Ho@nB��GJMm�D.DGm�HKJtHC��mnHCB��GJMm �<s�NiLuD�mCD*@ANP�OHCB�LuN�LvJ

JM��su��B�JMprqtN�LuN���� ����� LvJ�� � xO@oJ ����� � J �9�S�GNMF��ZNP@C��Db��NPmnHC@oJMLON^FvJ�� � xu@CJ ����� �k���;��?A��}
mCD*@n�tJM��NPm��ixOD svJM@CJ�NP��HoDG@.DGmnmCDbs�DG@ �v��mCB���B���JM@ �

P2
�9� �GNP� xu��HKJt� JMF��uN

L′ = 4000
�

su@nDG�GBEmoJM��NPm LuDUxu�(BEF�HCDG@��MJt��N��MDG@�HoB��GJM�
∆h′ = 100

�tDGFu��xvJMFIHCN�DG�
P1

HoD*��NMm
∆h = 200

�
� mnmCBE���i@CD*Lux��GBE��NMmUJ0� Jt@ � xu@CJ�LON�J � @CD � JMLuN�s�NP@�xu� �kJtHoNM@ �0DA@nDGLux��GB���NPm�N0DGB �ON0�MDG@�HoB�}
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�rJt� ���vxOHoxuJMp��iDGmALOD JM�EHCxu@oJ � s�NP@ xu� �kJeHoNP@ � JMs�DGFvJtmG�, �N � N�NPmAD*B ��NPm mnD�Ho@CJMFum �ZNP@C��JM�
LuD �ZNP@n� J0LuD*mCB � xvJM�"� Ho@CJMFum �ZNM@C��JMprqMN�JtxOHoNt} J �v� �

L → L′ ≡ bL
D

∆h → ∆h′ ≡ bα∆h
� �i� � �

NPFuLOD
α

<N�D ��s�N�D*F�HCD LvJ�@Cx � NMmCB�LuJMLuDUD

b
xu��suJM@��M��D*HC@CN�Jt@C�uB�Ho@�	t@CB�NO� !SmnmoJ�B�FI�tJM@CB �MFu�*B JO�

�Z@CD*FIHoD^J xu� J Ho@oJtFum �ZNP@n� JtprqMN LuD`D*mC�rJt� JgJtFuB�mnNMHo@n{PsuB��GJO�U�GJM@oJM�9HoD*@CB �GJ xu��Jgmnxus�D*@ �Z�E�GB�D
JMxOHCNt}~J �v�����AxvJMFuLON.JAmnxus�DG@ �Z�E�GBED�
<B�FI�tJM@CB�JMFIHoD �Z@nDGFIHoD J�xu��J Ho@CJMFum �ZNM@C��JMprqMN�LONPmSDGB �ONMm
s�DG��N^��DGmn��N �kJtHCNP@G��FvJ^LuBE@CD*prqMN`�MDG@nHCB��GJM�<D��uNP@CB �GNPFIHoJM� �SD*mnHKJ 
	JMxOHCNt} mnB���B���JM@G���AxvJMmnD
HoNiLvJMm Jtm mnxus�DG@ �Z�E�GBEDGm<NP�OHCB�LvJtm<DG� su@nN��*DGmnmCNPm LuD,�G@nDGmC�*B���DGFIHoN�moqtN JMx�HoNt} J �vFum*�

�XB � xu@oJ��i� �PQ�J � !
��D*��su�EN�LuD.BEFIHoDG@ �kJM�GD,svJt@oJ�xu� mCxO�umnHC@oJtHCN LuD�� JM@ � xu@CJ
L = 16000

�����
� ��su�EB JMpGqMN LuN ��� ����� LuD � J ���GNP� xu��Jb� JM@ � xu@oJ

L′ = 4000
� JtF�HCDGFuLON �vxOHoxuJMp��iDGm,LuD

JM��Hoxu@CJ0DGmnHoJtHoBEmnHCB��rJt��D*F�HCD�mCD*��D*� �vJMFIHCDGmG�

z|NiLuDG��NPm<FuNtHKJM@<FvJ � � xu@oJ������,��xuD�J � @oJMFuLOD��rJ ��xuD,mCD���JMFIH�
*� BEF��tJM@nB JMFIHCD��Z@CD*F�HCD
J HC@oJMFOm �ZNP@n� JMpGqMN LuD D*mC�rJt� J 
�Jg� Jt@ � xu@CJ^LvJgB�FIHCDG@ �kJt�GD	NPx�@Cx � NPmCBELvJMLuD

W
�UNPx�mnD 
CJO�
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W ∼ ∆h
D�s�NiLuDG��NPm<DGmn�G@nD*�PD*@ xu��J0Ho@CJMFum �ZNM@C��JMprqMN LOD.JtxOHoNt} J �vFuBELvJMLuD

L → L′ ≡ bL
D

W → W ′ ≡ bαW.
� �i� � �

� J � � xu@oJ������P�OHoD*��NMm
α = 1/2

�
�|NiLvJMm JMm � � xu@CJMm D � @�	 �v�GNPm���xuD�mnDG@oqtN!JMsu@nDGmCD*FIHKJMLuNMm FuD*mCmoJbmnDGpGqMN �ZNP@CJM��NP�OHCB�LuNPm

LvJ mnB��0xO� JMpGqMN LuN ��NiLuDG�ENA���u? �.DG� xu� mCxu�OmnHo@CJtHoN�xOFuB�LuBE��D*FumCBENPFvJM� � DGmnHCDU��N�LuD*��N�mCDG@ 	
JMsu@nDGmnDGFIHKJMLON FvJ mCxO�umCD*prqMNb���#�O�#��LuD*mCmCD��rJtsu�EHCxu��Nu�

��������� ���
	���
����
��������������	����������� �!��#"��$�����

� J�� JMBENP@CB�J!LuNPm0��N�LODG��NMm.LuD!�*@CD*mC�GBE��D*FIHoN`LuD��v����DGm��vFuNPm*�SsvJM@nHC���*xu� JMm � JtHC{P��NPmG�|NPx
��NP� 
*�Gxu��JMm ��mCqMN�J � @CD � JMLvJtm D*��xu��mCxO�umnHC@oJtHCN�BEFuB��*B JM�E��D*F�HCD �EB�mCNO� � JM��Hoxu@CJ ��
*LuB J D�J
@Cx � NPmCBELvJMLuD mnxus�D*@ �v�*B JM� LuD9�PD*�8�*@CD*mC�GD*@UJ���D*LuB�LvJ���xuD svJM@�Ho���*xu� Jtm��tqMN�mCD*FuLuN.LuDGs�NPmCB�HKJe}
LvJMm*� � J � � xu@CJ �i� � B��ExumnHC@oJM��NPm<DGmnmCD.@CD � B���D�BEFuB��*B JM��LuD��G@CD*mC�*B���DGFIHoN�LuD.xO� LODGs�{PmCB�HoNu�
� JM�EHCxu@oJ0� 
GLOB J0LvJ mCxOs�D*@ �Z���*B�D 
,LvJMLuJ�s�NP@

h̄(t) ≡ 1

Lds

∑

i

hi(t),
� ��� " �

NPFuLOD ∑
i

@CD*su@CD*mCD*F�HoJ J�mCNP��J mCNP�O@CD,HoNiLuNPm NPm mC��HoB�NMm
i
LON�mnxu�umnHC@oJtHCNu� D

ds

J�LuBE��D*FumoqtN
LuD*mnHoDt�SNPx�mnD 
CJO�>HCDG��NPm�xu� �*@CDGmn�GBE��D*F�HCN^DG�

d = ds + 1
LuBE��D*Fum �iDGm*� � ��JM@ � xu@oJ LvJ

B�FIHCDG@ �kJt�GDM�|NPxgmnxvJ�@nx � NPmnB�LvJtLuD � ��NP�vJt� ��
 LOD �vFuBELvJ��*NP��N�N�LuDGm���BEN ��xvJMLO@�	tHCB��GN	� 
GLuBEN
LvJMm JM��Hoxu@CJMm

W (L, t) ≡
〈[

1

Lds

∑

i

[

hi(t) − h̄(t)
]2

]1/2〉

,
� �i�#� �

NPFuLODANPm&% � � �(' ��� � @CD*su@CD*mCD*F�HoJM� xO� J�� 
GLOB J.mnNP�u@nD � 	M@CB�JMmyJt��NPm�Ho@CJMmG����xOBEHKJtm��PD��GD*m�JtN
B�FI��
Gm LuD,�rJM�E�Gxu��JM@<J @Cx � NPmCBELvJMLuD��GJM���*xu� Je} mCD�J�@Cx � NPmCBELvJMLuD,JtN���xvJtLu@oJMLONu�vLuD �uFuB�LvJ s�NP@

W2(L, t) ≡
〈

1

Lds

∑

i

[

hi(t) − h̄(t)
]2

〉

� �i� � �

D 
�D*mCs�DG@CJMLuN��ixOD�NPm��*NP��s�NP@�HKJM��DGFIHoNMmSLuD�D*mC�GJM� J,LvJ,@oJMB �<LvJ�@nx � NPmnB�LvJtLuD JMN��ixuJMLu@oJtLuN
mCD 
CJM� NPm ��DGmn��N LvJ�@Cx � NPmCBELvJMLuD

(W
1/2
2 ∼ W )

�
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�XB � xu@oJb��� �iQ !
��D*��su�EN LuD D*�MNP��xupGqMN HoDG��s�NP@oJM�|LuD�xu� LODGs�{PmCB�HoN DG�
d = 1 + 1

��svJM@oJ
xu� mCxu�OmnHo@CJtHoN!LOD0HKJM��JMF��uN

L = 150
� � m �tJM@CB�JMp��iDGm�FvJMmA�*NP@CD*m�su@CD9HoNt} �GB�F��rJ Ni�GNP@n@CD*�

J �rJMLuJ �   �GJM� JtLvJMm<LuD*s�NPmnBEHoJMLvJMm*�

� � � xu@oJ���� "���NMmnHo@CJ�N.�GNP��s�NP@nHoJM��D*FIHoN,Ho��sOB��GN�LvJ�@Cx � NMmCB�LuJMLuD �GNP� N.HCDG��s�N�svJM@CJ
��N�LuD*��NPm,LuD��G@nDGmC�*B���DGFIHoN��GNP� �*NP@C@nDG� JtprqMN	� JtHCDG@CJM� � � DGmnmoJ�� � xO@oJ�NM�umCD*@n�tJM��NPm.��xuD J
@Cx � NPmCBELvJMLuD!�*@CD*mC�GD	JtH 
!xu� HCDG��s�N^LuD �����������
	���� tx

D D*F�HoqMN mCD ��JMFIH�
G� �GNPFOmnHKJtF�HCD
�kmCJtHoxO@oJ �yD*� xu� �tJM�ENP@

Wsat

��z|JM@oJ
t � tx

HoD*��NPm J�@CD*� JMpGqMN

W (L, t) ∼ tβ,
� �i� ¡ �

NPFuLOD
β

<N�D��Os�NiDGFIHoD LuD<�*@CDGmn�GBE��D*F�HCN,D<J�xuFuB�LuJMLuDULuDUHCDG��s�N

(∆t = 1)

M� � DG@oJt����DGFIHoDt�

LuD �vFuB�LuJ��*NP��N�J LuD*s�NMmCB�pGqMN�LuD,xu��J���NPFuNi�rJt� JMLuJ�LuD,svJM@�Ho���*xu� JtmG�
� moJtHCxu@oJtprqMN!LvJb@nx � NPmnB�LvJtLuD 
 xu��J �rJt@oJM�9HoDG@n��m�HoB��GJ LuD su@nN��*DGmnmCNPm,LuD �*@CDGmn�GBE��D*F�HCN

DG� �ixOD J	J � @nD � JMpGqMN LuD�xu��J suJM@nHC���GxO� JbLuD*s�D*FuLuD�LvJ	mnxvJ!��B �GBEF��vJMFupGJO� !SmCmoJ	LuDGs�DGFi}
L'&*Fu�GB�J�B�FIHo@nN�Lux�� xu��Jg�GNM@C@CD*� JMpGqMN���JtHoD*@oJM� FuN�mnB�mnHCDG��Jg��xuD 
`��xvJMFIHCB �v�GJMLvJ�s�NP@bxu�
�GNM��su@nB���DGFIHoN�LuD.�GNP@n@CD*� JMpGqMN

ξ||
� � N BEFu���*B�N�LvJ�LuDGs�NPmCBEprqMN�N mnB�mnHCDG��J 
�LuD*mC�GNM@C@CD*� JM�*B�Nt}

FvJMLON �
ξ|| ≈ 0

�UD.J���DGLOB�LvJ���xuD.suJM@nHC���GxO� JMm<mCqMN LuD*s�NMmCBEHoJMLvJMm JMm �GNM@C@CD*� JMp���D*m ��Ni�rJMBEm<mCD
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�XB � xu@oJ����#"OQ �<��suBE�rJ<�tJM@CB�JMprqMN HoD*��s�NP@CJM�ILvJ�@nx � NPmnB�LvJtLuDM�tsvJM@oJ mCBEmnHoD*� Jtm|�*NP�(�GNP@n@CDG��JMprqtN
� JeHoDG@CJM� �isvJM@CJ�xO� HKJt� JMF��uN�LuD,mCxu�um�Ho@CJtHoN

L = 4096
�

su@nNPsvJ � Jt� s�DG��N�mnB�mnHCDG��JO�uLuD,��N�LON �ixOD
ξ||

�G@CD*mC�*D.FuN�HoD*��s�N

ξ|| ∼ t1/z � �i� � �

NPFuLOD
z

,N�D���s�NiDGFIHoD�LuBEF �M��B��GNO� �AxvJMFuLON�D*mnHoD,�*NP��sO@CB���DGFIHCN LuD,�GNP@n@CDG��JMprqtN�mnD�HCNP@CFuJ

LvJ NP@CLODG� LuN HKJt� JMF��uN � JtHCDG@oJt�MLuN mCBEmnHoD*� J��
ξ|| ≈ L

� HoDG��NPm J @CDG��J �OJMprqtN LuJ @nx � NPmnB�LvJtLuD
D�J svJM@nHCB�@ULODGmCmnD�@nD � BE��D

ξ|| ∼ L.
� ��� 
 �

z|NiLuD*��NPm�D*FIHKqMN	�GNPFO�G��xOB�@A��xuD�J!moJtHCxu@oJtprqMN LvJ!@Cx � NPmCBELvJMLuD�FvJMLvJ!��JMB�m 
 LON���xuD�xu�
D �ZD*BEHCN�LOD,HoJM��JMF��uN �vFOBEHoN 
#� � �

� �rJM@CJM�*HCDG@n��mnHCB��GJ�su@CBEFu�GBEsvJM�.LuD\xu� �u����D �vFuN su@nN�LOx��GBELuN D ��s�DG@CBE��D*FIHKJM�E��D*F�HCDM�
�GNM��N N�su@C{Msu@CBEN FuNM��D�mCx � D*@CDt� 
���xuD`mCxuJgDGmns�D*mCmCxO@oJ 
 �0xOBEHoN ��D*FuNP@���xuD`mCD*x�HKJe}
��JMF��uN�� JtHCDG@CJM� � l DGmCmCJ �ZNP@C��JO�vD*mnHKJt��NPm mCD*��sO@CD�FON @CD � B���D,LuD��*@CD*mC�GBE��D*FIHoN

(t � tx)

��xvJMFuLON	HC@oJtHoJM��NMm�LuD �u����DGm �vFuNMm�@nDrJMBEmG� � moJtHCxu@oJMpGqMN LvJ @Cx � NMmCB�LuJMLuD��GNP@n@CD*mCs�NPFuLuDt�
HoBEsuB��GJM��DGFIHoDt� � LODGs�NPmCBEprqMN	LuD�xu�
F �u��DG@nN�LuD���NPFuNi�rJM��JMLvJMm ��D*�
� JtB�NP@A��xuD�N HKJe}
��JMF��uN�� JtHCDG@CJM�uLuN.mCB�m�HoD*� J,D 
t��D*� � DG@CJM� ��NP�OmCDG@��tJMLvJ�Jts�D*FvJMm�DG� ��N�LuD*��NPm>HCDG{P@nB��*NPm�LOD
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�G@nDGmn�GB���DGFIHCNu�
?��GNP��s�NP@nHoJM��D*FIHoN�LuN �*NP��su@CBE��D*F�HCN�LOD.�*NP@C@nDG� JtprqMN

ξ||
FuNPm�mCx � D*@CD.�ixOD0J�@Cx � NMmCB�}

LvJMLOD LuD moJtHCxu@oJtprqMN
Wsat

D N!HCDG��s�NbLOD �����������
	���� tx
LuDGs�DGFuLODG�
LuN!HoJM� JtF��uN

L
LuN

mCBEmnHCDG��JO� � J � � xu@CJ ���#�`JMsu@CD*mCD*F�HoJM��NPm J��tJM@nB JMpGqMN LvJ`@nx � NPmnB�LvJtLuD FuN`HCDG��s�NO�XsvJM@CJ
LuB �ZDG@CD*FIHoDGm<HoJM� JtF��uNPmULOD�mCxu�um�Ho@CJtHoN�DA�PD*@CB �u�rJM��NPm<DGmnmoJMm LuD*s�D*FuL'&GFO�GB JtmG��zXJM@CJ�J�@nx � Nt}
mCBELvJMLuD�LOD�mCJtHoxO@oJMpGqMNu�uHoD*��NMm

Wsat(L) ∼ Lα,
� �i� % �

NPFuLOD
α

!N^D ��s�N�D*F�HCD LvJ^@Cx � NMmCB�LuJMLuDM����xuD �ZNPB�B�FIHo@nN�LOx��GBELuN^FvJ`LuBEmC�GxOmCmoqtN LuJ JtxOHoNt}

J �vFOB�LvJMLOD �kD*� �0��� � �;� ��B�m�HoDG��JMm��GNP� DGmn�rJM��J!JMF �P��JM� J�JMsu@nDGmCD*FIHKJM� �MJt��NP@nDGm LOB �ZDG@nDGFIHoD*m
LuD

α
FODGmCmCJMmbLuB �ZDG@nDGFIHoD*m @CD*� JMp���D*m�LOD DGmn�rJM��J 
+"��P� "I� � � z|JM@oJ N HoD*��s�NgLOD �����������
	����

HoD*��NMm

tx ∼ Lz.
� �����   �

z|NiLuD*��NPm�HKJt�0� 
*� LuD �uFuB�@|xu� �GNP��su@nB���DGFIHoN LuDy�*NP@C@nDG��JMprqMN FvJ LuB�@nDGprqtN s�DG@Cs�DGFOLuB��*xu� JM@
JMN^�*@CDGmn�GBE��D*F�HCN

ξ⊥
����xuD�
 J`su@n{Psu@CB�J @Cx � NPmCBELvJMLuDt��NPx\mCD 
CJO����DGLOD!JMm �vxOHCxvJMp���D*m�LOD

JM��Hoxu@CJ0LuN�LODGs�{PmCB�HoNu�
� NMHCD ��xuD JMm�D*��mG�����#%.D ��� �r .DGFI�MNP�E�MDG�8�ixuJMFIHoB�LuJMLuDGm���D*LuB�LuJMm�DG� HoD*��s�NPm���NPF � NPmG�

JM� 
G� LuN!@CD � B���D.HC��suBE�GN�LuD �v�E��D*m �vFuNMm�@CDrJtB�mG�,z NP@nHoJMFIHoNu� D ��s�D*@CBE��D*F�HoJM����DGFIHCDM�
α
D

z

moqtN���DGLOB�LuNPm<s�NP@<NPx�Ho@CNMm � 
*HCN�LONPm��kmnDG�M����� ��� � �9�
l JMm DG��xvJtp��iDGm ��� ¡�� ���#%�D.�����  0s�N�LODG��NPmU�PD*@CB �u�rJM@ ��xuD,NPm D ��s�N�D*F�HCDGm

α
�
β
D

z
FvqMN

moqtN�BEFuLuD*s�D*FuLuDGFIHCDGm D*FIHo@CD,mnB�s�NPBEmG�uD*�
t ≈ tx

W ≈ Wsat ⇒ tβx ≈ Lα ∼ tα/z
x ⇒ tβx ≈ tα/z

x ,
� ����� � �

LuD,NPFuLOD,�MDG� J ��D*B LuD,DGmn�rJM��J

α = βz.
� �i� � ���

wyNP��N\N�HoDG��s�N
t
��D*� su@CNi�GD*mCmnNPm!LuD �G@nDGmC�*B���DGFIHoNO� 
^su@nNPs�NP@C�*B�NPFvJt� JMN\F �u��DG@nN

LuD svJt@nHo�E�Gxu��JMm�J � @CD � JMLvJMm�JtN!LuDGs�{PmCB�HoNu��N!mnB�m�HoDG��JbLuD9�PD�mCDG@�BEFI�MJt@CB JtF�HCD �Z@CD*FIHoD�J!xu��J
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�XB � xu@oJg���+�uQ � x � NPmCBELvJMLuD 	�������	 � HCDG��s�N�suJM@oJgLOB �ZDG@nDGFIHoD*m HKJt� JMF��uNPm LOD`mCxu�OmnHo@CJtHoNOQ

L = 256(O)
�
L = 512(4)

�
L = 1024(�) � L = 2048(�)

D
L = 4096(◦) �

@CD*DGmn�rJM��JAFuNAHoD*��s�N �
t → t′ ≡ bzt

�9� � �G@CD*mC�*DGFIHKJMFOLuN�D*mCmoJ�BEF��tJM@nB �MFO�GB J ��Ho@CJMFum �ZNP@C��JMprqtN
LuD�JMxOHCNt}~J �vFuB�LuJMLuD �ZDG� ����� ���ys�NiLuDG��NPm<D*mC�G@nD*�MDG@

W (bL, bzt) = bαW (L, t).
� �i� �$" �

wyNP��N
b

�xu� svJt@��M��D*HC@CN�JM@C�OBEHo@ 	M@CBENu�is�NiLuDG��NPm<D*mC�GNM� �uD*@

b = 1/L
D,��N � N

W

(

1,
t

Lz

)

=
1

Lα
W (L, t),

� �i� �&� �

LuD,NPFuLOD�NM�OHoD*��NPm J @nDG� JtprqMN�LuD,DGmn�rJM��J LuD���Jt��BE����D �AB��*mCD 	 
#"*" �

W (L, t) ∼ Lαf

(

t

Lz

)

.
� ����� � �

f(x ≡ t/Lz)

�xu��J��ZxuFOprqMN LuD�D*mC�GJM� J0��xuD�s�DG��JMmUDG��xvJtp��iDGm ��� ¡O� ���#%O�u��� �r �D������ �.LuD9�PD

mCD,�*NP��s�NP@�HKJM@U�*NP��N

f(x) ∼











xβ, para x � 1,

cte, para x � 1.

� ����� ¡ �

� @CDG��JMprqtN.LuD D*mC�rJt� J.��� �$�,s�N�LOD mnDG@��GNMF��v@C��JMLvJ,mCD @CD*DGmn�rJM��JM��NMm�NMm�D*B ��NPm�LvJ � � xu@CJ
���+� s�NP@

W → W/Lα D
t → t/Lz ��wyNP��N!��NMmnHo@CJMLuN FvJ � � xO@oJ ��� ����JMm,�GxO@n�tJMm�svJM@CJ
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LuB �ZDG@CD*FIHoDGm,HKJt� JMF��uNPm,LuD�mCxu�um�Ho@CJtHoN�LvJ�� � �!���+�	�GNP��JMsumoJt�
DG��xu��J �Gxu@��MJ xuFuB��PD*@CmoJt�
�GNM� J	D*mC�GNM� �vJ�JMLuDG��xvJtLvJ�LuNMm.D��Os�NiDGFIHoD*m

α
D

z
�X��NPmnHC@oJMFuLON J!�tJM��BELvJMLuD LvJ	@CD*� JMpGqMN

����� ���

�XB � xO@oJ���� ��Q�wyNP��JMsumCN�LvJtm<�Gxu@��MJtm�LvJ � � xu@oJ����+��xOmoJMFuLON
α = 0.5

D
z = 1.5

�

������� � ���
	���
����
��������������	����������� �!��#"��$����� � !�����	

wyNP���vJMmCD<FuJADG��xvJMpGqMN.��� %��PsvJM@CJALuD*HCDG@C��B�FuJM@C��NPmXN�D���s�NiDGFIHoD<LuJ,@nx � NPmnB�LvJtLuD
α
�M�vJMmnHoJ

�G@nDGmn�GDG@n��NMmSLuDGs�{PmCB�HoNPm*�IsvJM@CJ LuB �ZD*@CD*F�HCDGm>HoJM� JtF��uNPm>LOD<mCxu�um�Ho@CJtHoN
L
��JtH 
UN�@CD � B���DyD*mnHKJ }

�GBENPF 	M@nB�N�D ��D*FumCxO@oJM@�N��tJM�ENP@SLvJ,@Cx � NPmCBELvJMLuD LuD moJtHCxu@oJtprqMNu�>z|NP@ 
G�	���*NP��N,LuBEmC�*xOHoBE��NPm
JMFIHoD*@CBENP@C��DGFIHoDt�OD��Os�DG@nB���DGFIHKJt����DGFIHoD�NPm �v�E��D*m �vFuNPmymoqMN �*@CDGmn�GBELuNPm JtH 
 HoD*��s�NPmU�0xOBEHoN
JMFIHoD*@CBENP@CD*m �,moJtHCxu@oJtprqMN.LvJ.@nx � NPmnB�LvJMLODM�IHoNP@nFvJMFuLON�B���su@CJtHoBE�rJr� 
*�vN.xumnN0LvJ,@CD*� JMpGqMN0�i� %O�
!SFIHKqMNu�IxO� J��ZNP@n� J�LuD<mCD<LuD9HoD*@C��B�FvJM@XN�D ��s�NiDGFIHCD LuJ,@nx � NPmnB�LvJtLuD 
 JtHC@oJr� 
*m�LuJA@Cx � NMmCB�}
LvJMLODA��Ni�rJM�

Wloc

��z|JM@oJ0xO� mCxO�umnHC@oJtHCN�LOD HKJM��JMF��ON
L
D*� xu�8HoD*��s�N

t
��xvJM����xuD*@G�uFO{Pm

�rJt���GxO� JM��NPm J @Cx � NPmCBELvJMLuD���Ni�rJM�iDG� 
CJMFuD*� JMm LuDU��JM@ � xu@oJ
R
��D*����DGFONP@X��xuDUN mCxu�um�Ho@CJtHoN
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(R � L)
Q

Wloc(R) ≡
〈

1

M

∑

~x0

[

1

Rds

∑

i

[

hi − h̄~x0

]2

]1/2〉

,
� ����� � �

NPFuLOD
h̄~x0


<J�JM�EHCxu@oJ���
*LuB J D*��xO� J�
CJMFODG� J�LuD �vFOB�LvJ�J suJM@nHCB�@XLuJAs�NPmnB�pGqMNAB�FOB��GB�JM�
~x0

DUN
∑

i

@CDGsO@CDGmnDGFIHKJ�xu� J<mnNP� J mCNM�u@CD�NPm
Rds

mn�EHCB�NPm�LuD*mCmCJ 
CJMFuD*� JO� � mnmCBE���tJ D���su@CD*mCmoqtNADGFIHo@nD
�GNM��� �uD9HoDGm 
yD��uJeHKJM��DGFIHoD�J�@nx � NPmnB�LvJtLuDyJtN ��xvJMLu@CJMLuN���D*LuB�LvJ FuN�B�FIHoD*@CB�NM@ LuJ 
CJMFuD*� J ��xuD
�GNM��D*prJ D*�

~x0

�A? mCNP��JtHo{M@CB�N�DG�
~x0

@nDGsu@nDGmCD*FIHKJ J � 
GLuB�J�mCNM�u@CD�JMmA@Cx � NPmCBELvJMLuD*m LvJtm

M = Lds

CJMFODG� Jtm<LuD�HKJM��JMF��uN

R
s�NMmCmC���PD*B�m svJM@CJ��*NPFuLuBEp��iDGm<LuD��GNMF�HCNP@CFON�s�DG@nB�{iLuB��GJMmG�

NPx
M = (L−R)ds

svJM@CJA�GNPFOLuB�p���D*m>LuDU�*NPFIHoNP@nFuN,JM��DG@nHoJMmG�>?Am % � � �(' ��� � @nDGsu@nDGmnDGFIHKJM��J
� 
GLuB�J�mCNM�u@CD���	t@CB Jtm|�*NPF�� � xO@oJMp���D*mG�INPx0mnD 
CJO�t��	t@CB�NMm|LuD*s�{MmCBEHCNPmXLOB �ZDG@nDGFIHoD*mX�tJM@C@nB�LuNMm|s�DG��J

CJMFuD*� J	LuD�HoJM� JtF��uN

R
� l J ��DGmn� J��ZNP@C��J �ixOD � �GD*��NPm�svJt@oJ J�@Cx � NMmCB�LuJMLuD � ��NP�uJM� �

s�N�LuD*��NMm<LuD �vFOB�@<xu��J @Cx � NMmCB�LuJMLuD���Ni�rJt� JMN���xvJMLu@CJMLuN

W2loc
(R) ≡

〈

1

MRds

∑

~x0

∑

i

[

hi − h̄~x0

]2

〉

� �����%
 �

D FuN �tJM��D*FIHoD mCDGx �GNP��s�NP@nHoJM��D*FIHoN\LuD DGmn�rJM��J�D*mCs�DG@oJtLuN 

W

1/2
2loc

∼ Wloc

� � @CJMB �
��xvJMLu@CJMLvJ�LuD

W2loc


.J @nx � NPmnB�LvJMLOD�@n��m��
Wrms,loc ≡ W

1/2
2loc

�9�
� J�JM��sO��B JtprqMN LvJ � � � �i� �P�vHCDG��NPm xu� D ��DG��su��N�LuD���D*LuB�LuJ�LvJ�@Cx � NPmCBELvJMLuD,��Ni�rJt� �

��D�Jt��su�EB JM@n��NMm�suJM@nHCDGm<LuN s�DG@ �v� �*NP�
L′ = R

�OLuD*�MDG��NPm<NP�OHCDG@Uxu��J�@nDG� JtprqMN0LOD,JMxOHoNe}
J �vFOB�LvJMLOD,JMF 	M�EN � J J LvJ DG��xvJMpGqMN!�i� ���ONPx mCD 
CJ

R → R′ ≡ bR
D

Wloc → W ′
loc ≡ bαWloc.

� �����$% �

zXJt@oJ xu� HCDG��s�N
t
� �ON�s�N�LuD*��NMm<DGmC�*@CD9�PDG@

Wloc(bR) = bαWloc(R)
� �i� �M  �

D�HoNP��JMFuLON
b = R0/R

�vNPFuLuD
R0


,xu� J �*NPFumnHoJMFIHoDt�vNP�OHoD*��NMm

Wloc(R0) =
Rα

0

Rα
Wloc(R).

� �i� � � �
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!SFu�GNMF�HC@oJM��NPm JMmnmCB��	�uJ�@CD*� JMpGqMN LuD,DGmn�rJM��J

Wloc(R) ∼ Rα.
� ��� �P� �

� J�� � xu@oJ���� ¡0JMsu@nDGmCD*FIHKJM��NPmyxO�8D���DG��su��N�Ho��sOB��GN�LvJ.�tJM@nB JMpGqMN�LuD
Wloc

DG� �ZxuFupGqMN
LuD

R
��svJM@CJ,xO� mCxu�OmnHo@CJtHoN.LuD<HKJM��JMF��ON

L = 2048
DG��LuB �ZD*@CDGFIHCDGm�HoDG��s�NPmG�ImnDGFuLuN.DGm�HoDGm

JMFIHoD*@CBENP@CD*m � moJtHCxu@oJtprqMN�LvJ	@nx � NPmnB�LvJtLuD
(t � tx)

� !��
R ∼ ξ||

�XJ	@nx � NPmnB�LvJtLuD���Ni�rJM�
mCD HCNP@CFvJ!�*NPFumnHoJMFIHoD�DG�
xO�
�MJt��NP@AB � xvJM� �	@nx � NPmnB�LvJtLuD � ��NM�vJM�XLuJ	mnxus�D*@ �Z�E�GB�D FuJM��xuDG�ED
B�FOmnHKJtF�HCD,LuD�HoDG��s�Nu�

Wloc ∼ W
svJM@CJ

R � ξ||.
� ��� �*" �

zXJt@oJ
R � ξ||

DGm�HKJM��NPm FvJ @CD � B qtN NPFuLuD�J @CD*� JMpGqMN�LuD,DGmC�GJM� J���� �P�0mCD�JMsO��B��GJO�

�XB � xu@oJb��� ¡�Q ��JM@CB�JMprqMN�Ho��sOB��rJbLuJ @nx � NPmnB�LvJtLuD ��Ni�rJM�|�GNP� N!HKJM��JMF��uN!LuJ 
CJtFuDG��JO� svJM@CJ
NPm<HoD*��s�NPm*Q

t = 1000(4)
�
t = 2000(�)

D
t = 4000(◦) �

z|NiLuDG��NPm<NP�OmCDG@��tJM@<FvJ � � xO@oJ���� ¡0�ixOD�N �*NP��s�NP@�HKJM��DGFIHCN0LvJ @Cx � NPmCBELvJMLuDA�EN��GJM��FvJ
@CD � B qtNbLuD0D*mC�rJt� J �

R � ξ||
��B�FOLuDGs�DGFuLOD LuNbHoD*��s�Nu� NMx^mCD 
CJ���JMm �vxOHCxvJMp���D*m�LuD JM��Hoxu@CJ

F�xu� LuD9HoD*@C��B�FvJMLON0HKJM��JMF��uN LOD 
CJMFuDG��J0FvqMN �tJM@CB�JM�8FuN HoDG��s�Nu�Sz|NM@ 
G�	�vDG� mCBEmnHoD*� Jtm
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�GNM� D*mC�rJt� J JMF �M� JM��J�LuJ0@Cx � NMmCB�LuJMLuD:��BEmCmnN FvqMN 
 �MDG@CB �v�rJtLuN D�JMm �vx�HoxvJMp���D*mU��Ni�rJtB�myLOD
JM��Hoxu@CJ,�*@CD*mC�GD*� �*NP� N,HoDG��s�Nu��N.��xuD �kJ�� �GNP� ��xuD J�@nx � NPmnB�LvJMLOD��*@CDGmnprJ��*NP� N,HoDG��s�N
DG� xO� LuD*HCDG@C��B�FuJMLuN,HKJM��JMF��uN,LuD 
CJMFuD*� JO����JMm�� JtF�HCDGFuLON�N���D*mC��N.�*NP��s�NP@�HKJM��DGFIHoN
LuD0D*mC�GJM� JO� � � � xu@CJ ��� ����NMmnHo@CJ DGmnmoJb�tJM@CB�JMprqtN LvJ @nx � NPmnB�LvJtLuD0��Ni�rJt� suJM@oJ LOB �ZDG@nDGFIHoD*m
HoD*��s�NPm<D*� xu� mnB�mnHCDG��J �GNP� @nx � NPmnB�LvJtLuD,JMF �P��JM��JO�

�XB � xu@oJ.��� ��QSwyxO@n�tJMmyD*mC��xuD*� 	tHCB��GJMmyLvJ��MJt@CB JtprqMN�LvJ.@nx � NPmnB�LvJtLuD��EN��GJM�v�GNM�8N�HKJM��JMF��ON
LvJ 
CJMFuDG��JO�IFuNPm�HoD*��s�NPm

t0(4)
�
2t0(�)

D
4t0(◦)

��D*� xu� mCB�m�HoD*� J,�GNP� D*mC�GJM� J�JMF �P��JM��J
LvJ @Cx � NPmCBELvJMLuDt�

��������� � !���� �

����
����� ���#����	�� � ���(�
"	��!�� ����

�������
�������

�AxvJMFuLONgHoD*��NPm�@CD*� JMp���D*m LuD`D*mC�GJM� J�LvJ �ZNP@C��J
Y ∼ Xγ

� 
�B���s�NM@nHKJtF�HCD�FONMHKJM@���xuD
mCDbHC@oJtHoJM� LOD!@CDG��JMp��iDGm�JtmCmCBEFIHo{MHCB��rJtmG�SNPx"mCD 
CJO��moqMN^@nDrJM�E��D*F�HCD!su@CD*�GBEmoJMm mnNP��D*FIHoD!DG�
LuD9HoDG@n��BEFvJMLuNMmU��BE��B�HoDGm*��s�NP@<D���DG��su��N ��xvJMFOLuN�N�mnB�m�HoDG��J 
��0xuB�HoN � @oJMFuLOD�NPx!N HoDG��s�N

A�0xOBEHoN���NPF � Nu�S�vNP@oJ.LuDGmnmCDGm �EB���BEHoD*m�J0LuDGs�DGFuL &GFu�*B J �GNP��su�ED*HKJ.LuD

Y
�GNM�

X
LuD9�PD�mCD*@

���������! "�$#�� �&%(')#

+*&�,#
�-� �/.�0������ 
1*&�-*2'3� �&4��5� �1�(6
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LvJ �ZNP@n� J

Y ≈ AXγ [1 + b1X
γ1 + b2X

γ2 + · · · ] � �i� �-� �
NPFuLOD!NPm

biX
γi
���GNP�

i = 1, 2, . . .
�SmoqMN^�*NP@C@nDGp��iDGm LOD!DGmC�GJM� J`D

A

!J^JM��su��B�HoxuLuD�LuN

HoD*@C��N�LuNP��B�FvJMFIHCDM�
� m<Jt��su�EBEHCxuLuDGm

bi

LuDGs�DGFOLuDG� LuNPmU��DGmn��NPmysvJM@��t��D9Ho@CNMmy��xuD
Y
�Z��xuD�FvqMN

X
�9��z|NM@

D ��D*��su�ENu��DG��su@nN��*DGmnmCNPm�LuD��G@CD*mC�*B���DGFIHoNu��NPFOLuD
Y = W

�|mnD
X

@nDGsu@nDGmCD*FIHKJ N HoD*��s�N
�
X = t

�XDG� Jtm>s�NiLuD*��LuD*s�D*FuLuDG@�LuD
L
D JMN��GNMF�HC@�	M@nB�N�mnD

X = L
�iD*� JMmXs�NiLuDG��LuDGs�DGFOLuDG@

LuD
t
��?Am�D ��s�NiDGFIHCDGm

γi

� D*@oJM�E��D*F�HCD�mCqMNbFuD � JtHoB��PNPm*� Nb��xuD �kJ��.�GNP� ��xuD JMm �GNP@n@CDGp���D*m
mCD�JMF�xu�EDG� FON��EB���BEHCDAJMmnmCB�FIHC{MHoBE�GN �

X → ∞ �9�
� N\D*mnHoxOLuN"LuD^��NiLuD*��NPm�LuD^�G@nDGmC�*B���DGFIHoNO� HC@oJM�vJt� �vJM��NPm��GNP� mCxu�OmnHo@CJtHoNMm!LuD`HKJe}

��JMF��uN �vFuB�HoNu��s�NP@�HKJMFIHCNgmCD*��sO@CD HoDG@nDG��NPm��GNP@n@CDGp���D*m LuD�DGmn�rJM��JO�y��xuD�LuDGs�DGFuLODG� LuN
su@nN��*DGmCmnN`LuD��G@nDGmC�*B���DGFIHoNO�	? ��NiLuDG�EN LuD �*@CDGmn�GBE��D*F�HCN`���u? � � �PDG@.mCxu�OmCDGpGqMN ���+�u�+� �9�
s�NP@AD ��D*��su�ENu��JMsu@nDGmnDGFIHKJ �GNP@n@CD*p��iDGm,LuD DGmn�rJM��J!�0xuBEHCN �Z@oJM�GJMmG����DGmn��N!suJM@oJbs�DG��xuD*FuNPm
HKJt� JMF��uNPm

L
D�HoD*��s�NPm

t
��z|NP@ NPx�Ho@CN�� JtLuNu��FuN���NiLuDG�EN LuD,LuDGs�NPmCBEprqMN��vJM�E��m�HoB��GJO��JMsu@CD;}

mCD*FIHKJMLuN FvJ mCxu�OmCDGpGqMN��i�#�u�#"O�eDGmnmoJMm �GNP@n@CD*p��iDGm�moqMN �0xuB�HoN �ZNP@�HoD*m 
 ��
O�e�-% � �tsu@nB�Fu�*B�svJt����DGFIHoD
DG� LuBE��D*Fum �iDGm

d > 1 + 1
� � D*mCmnDGm���N�LuD*��NPm NbD �ZDGBEHCN LuD*mCmCJMm��GNP@n@CD*p��iDGm 
0��JMmn�rJM@CJM@�N

�tJM��NM@ LON D ��s�N�D*FIHoD JMmnmCBEF�HC{MHoBE�GN
γ
��LOD��ZNP@n� J ��xuD0��xvJMFOLuNb�rJt���GxO� JM��NPm<N D���s�NiDGFIHoD�LuD

DGmn�rJM��J�JtHo@CJ ��
Gm LvJ B�Fu�*��BEFvJMprqtN LuD,xu� � @ 	 �v�GN
log(Y )

�
log(X)

�vN���xuD�NP�OHCDG��NPm�
,xu�
D ��s�N�D*FIHoD�D �ZD*HCBE�MN

γef

��xuD � DG@CJM����DGFIHCD LuDGs�DGFuLOD�LuD
L
� � �ZNP@C��J!LuD�LuD*HCDG@n��BEFvJM@C��NPm

N0�tJM��NM@<JMmCmnB�FIHo{tHoB��*N LuD
γ

��rJM�E�Gxu��JM@yD��Os�NiDGFIHoD*m�D �ZD*HoB��PNPm<suJM@oJ LuB �ZDG@CD*FIHoDGm<HoJM� JtF��uNPm

L

DbD���HC@oJMs�NP��JM@C��NPm
γef

svJM@CJ N^��BE��B�HoD
L → ∞ �>�uxumn�rJMFOLuN JMm0�*NP@C@nDGp��iDGm�LuD HKJt� JMF��uN

�vFuB�HoN�JMLuD*��xvJMLvJMm*�
wyNP@C@nDGp���D*mULuD DGmC�GJM� J,HKJM��� 
*�8s�NiLuDG� su@nN�LOx��GBE@�D �ZDGBEHCNPm�LuD �����������
	���� �INPFuLuD �PD*@CB ��}

�rJt��NPmyLuxvJMm<@nD � B ��D*mULuD�DGmn�rJM��J ��D*� LuD �vFuB�LuJMm<�GNP� D ��s�N�D*F�HCDGm�� JtsvJM@CD*FIHoDGm��ULuB�m�HoB�FIHCNPmG�
!SmCmnDbD �ZD*BEHoN	LuD �����������
	���� 
 �vJMm�HKJMFIHCD �GNM�0xu��DG����NiLuDG�ENPm,LuD �*@CDGmn�GBE��D*F�HCN �*NP��s�D9}
HoB�HoB��PNPm*��NPFuLuD�LuNPBEm�NPx � JMBEm HoBEs�NMm�LuD�suJM@nHC���GxO� JMmAmnD J � @CD � JM� mnD � xOB�FuLuN�JMm,@CD � @oJtm�LOD
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��N�LuD*��NPm�LuD LuB �ZD*@CDGFIHCDGm��G��JMmCmnDGm�LuD xuFuBE�MDG@nmoJM�EB�LvJMLOD �Z�PD*@�mCDGpGqMNg��� " �9��D	�*NPFumnDG���uDGFIHCD9}
��DGFIHoDt���*NP� LuB �ZD*@CD*F�HCDGm D ��s�N�D*F�HCDGmALOD.D*mC�rJt� J 
 �P��"*��� " � � �Uz|NP@ D ��DG��su�ENu� DG����N�LuD*��NPm
NPFuLOD.HoD*��NMm�J��GNP��s�D*HoBEprqMN�LuD.xu� J�LuBEF �M��B��rJ �EB�FuDGJM@��k�*� JMmnmCD ! ( � D.xu��J�FvqMNt} ��B�FODrJM@
�k�*� JMmnmCD �,z����9�uD*mCs�DG@oJt��NPm<��xuD�N�D ��s�N�D*F�HCD�JMmCmnB�FIHo{MHCB��*N�mnD 
CJ

β = 1/3
� ��z����yD,J��GNP@~}

@CD*prqMN�su@CBEFu�GBEsvJM�
γ1 = −1/12

FvJ�DG� � ��� �-�u� �GNM�
Y = W

D
X = t

����JMm �GNP�
b1 � 1

�
LuD �ZNP@n� Jb��xuD�DG� HoDG��s�NPm��Gxu@�HoNPm�J @Cx � NPmCBELvJMLuD �*@CDGmn�GD�JMsu@nN ��BE� JMLuJM��D*FIHoD0�*NP�

t1/4

� ! ( �;��D�D*� HoD*��s�NPm,��NPF � NPmAHoD*��NMm
W ∼ t1/3

��!�mnmCD�D �ZDGB�HoN LuD �����������
	���� mCD*��sO@CD 

NP�umnDG@��MJtLuN�FuJ��*xu@n�tJ�LvJ�@Cx � NMmCB�LuJMLuD � �ENP�vJM� 	�������	 � HoD*��s�N��Z�MDG@�� � xu@CJ �i� 
 �;�

Log(t)

L
og

(W
)

tc tx
EW

KPZ

�XB � xu@oJ��i� 
OQywyxu@��MJ Ho�EsuB��GJ LvJ�@nx � NPmnB�LvJtLuD,DG� �ZxuFOprqMN�LuN�HCDG��s�N�LuD�xu� mnB�m�HoDG��J��GNP�
�����������
	���� LuD�! ( suJM@oJ �,z�� 
 �
� �

!
�ZDGBEHCNPm LOD �����������
	���� HKJM��� 
*��N��*NP@C@nDG� FvJ D*mC�rJt� J�LuJ�@Cx � NPmCBELvJMLuD.��Ni�rJM�
Wloc

DG�
mCxOs�D*@ �Z���*B�D*m�NMFuLuD � 	 J su@CD*mCD*FuprJ LOD � @CqMNPm*� � D*mCmnD �rJtmCN���		xu���*@CD*mC�GBE��D*FIHoN BEFuB��*B JM� }
��DGFIHoD @�	MsOB�LuN.LvJ.@nx � NPmnB�LvJMLOD��EN��GJM�v�GNP� xO�8D���s�NiDGFIHoD

α1

D�xu� �����������
	���� DG� R ≈ l
�

NPFuLOD
l

,N�HKJM��JMF��ON�� 
GLOB�N�LuN � @oqMNO�vsvJM@oJ xu���*@CD*mC�GBE��D*FIHoN�� JMBEm<��D*F�HCN��*NP� xu��D���}

s�N�D*F�HCD
α2

��� � xO@oJ!���#% �;�,��NPm�Ho@oJt@CDG��NPmAFONPmAsu@n{ ��BE��NPm �rJtsu�EHCxu��NPm���xuD JbNP@nB � D*��LuDGmnmCD
D �ZD*BEHCN FvJ0@Cx � NPmCBELvJMLuDA�EN��GJM� FuqMN 
,J0�GNP��s�D*HoBEprqMN�DGFIHo@nD�LuB �ZD*@CDGFIHCDGm LuB�F��M��BE�rJMm�LuD��*@CDGm~}
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�GBE��D*FIHoNu� ��JMm mCB���su�EDGmC��DGFIHCD�J � DGNP��D*HC@CB�J�LuJ�mCxOs�D*@ �Z���*B�D��GNP� � @oJMFuLODGm LOB �ZDG@nDGFupGJMm LOD
JM��Hoxu@CJMm<DGFIHo@nD,NPm � @oqMNMmG�

�XB � xu@oJ����#%OQ��<�EsuB��GJ �tJM@nB JMpGqMN LvJ @Cx � NPmCBELvJMLuD��EN��GJM� D*��mCxus�DG@ �Z���*B�DGm<�*NP� � @CqMNPm*�

�XB�FuJM����DGFIHoDt� 
�B���s�NM@nHKJtF�HCD0�GNM��D*F�HoJM@,JM��xuBS��xuD�DG� su@oJtHCB��GJM��D*FIHoD0HoNiLuNPm�NMm���Nt}
LuD*��NPm�LuD LODGs�NPmCBEprqMN�LuD svJt@nHo�E�Gxu��JMm,DGFu�*NPFIHo@CJM��NMm�D �ZD*BEHCNPm.LOD �����������
	���� FvJ�D*mC�GJM� J	LvJ
@Cx � NPmCBELvJMLuD � �ENP�vJM�SD���Ni�rJM� � ��xuD moqMN�mCB���su�EDGm�su@CNiLuxOHCNPm�LuN�su@CNi�GD*mCmnNu�`z NP@�D��OD*��sO��Nu�
svJM@CJ HCDG��s�NMm.�0xOBEHoN s�DG��xuD*FuNPm�N	�GNM��su@nB���DGFIHoN	LuD��GNP@n@CD*� JMpGqMN � JtHCDG@oJt�SFvJ�mnxus�D*@ �Z�E�GB�D

�sO@oJtHCB��rJt��D*F�HCD�F�xu�EN D JMmnmCBE� J�@Cx � NMmCB�LuJMLuD.HCDG� xu� �G@nDGmC�*B���DGFIHoN B�FuBE�GB Jt��JMsu@CN ��B���Je}
LvJM��DGFIHCD0�GNP�

t1/2
� �GJM@oJt�*HoD*@C�EmnHoBE�GNbLOD0xu� mCB�m�HoD*� J LODGmC�*NP@C@nDG��JM�GBENPFvJMLuN �Z�PD*@�mCxu�OmCDGpGqMN

���+�u��� �9� wyNP��N D*mCmnD �����������
	���� JMsuJM@CD*�GD	FvJtHoxO@oJM�E��D*F�HCD!DG� JM� � xuFum sO@CNi�GDGmnmCNPm�D �GNPm~}
HoxO� J,HoDG@�s�D*��xuDGFvJ LuxO@oJMpGqMNu��JMN0�GNMF�HC@�	M@nB�N.LuNPmy��NiLuDG�ENPm��*NP��s�D9HoBEHCBE�MNPmG��DGm�HoD 
 mCDG��su@nD
�GNMFumCBELuDG@CJMLuN��GNP��N�xu� HC@oJMFumnB�D*F�HCD,D�
,LuD*mCsu@nD��GJMLuN FuJ���JMBENP@CB�J.LuNPm su@nNP�u�EDG��JMmG�
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? �*NPFu�GD*BEHCN�LuD �G��JMmCmnD�LuD xuFuB��PD*@CmoJt��B�LuJMLuD<HKJM��� 
*��HoD9�PD NM@CB � DG� FuN�DGm�HoxuLON0LuD �ZDGF �P��D9}
FuNPm �*@C�EHCB��*NPm<D.D���su@CD*mCmoJ�N �kJtHCN�LuD,�ixOD�JMs�DGFuJMm Jt� � xu��JMmUmnB���D*HC@CB Jtm �ZxuFuLvJM��DGFIHoJMB�m<mCqMN
@CD*��D9�MJtF�HCDGm�FvJ�LuD9HoD*@C��B�FvJMpGqMN�LuNPm D���s�NiDGFIHoD*mA�G@n�EHCB��GNMmG� NPx mnD 
CJO��DGm�HoD*mAB�FuLODGs�DGFuLuD*� LOD
LuD9HKJM� �uDGm�LvJtm�B�FIHoD*@oJMp���D*mALuN mCBEmnHoD*� J�� l D*mCmCJ��ZNP@n� J�� xu��J �tJM@CBEDGLvJMLOD0LuD su@nN��*DGmCmnNPm�J
su@nB�Fu�*��suBEN�LuBEmnHCB�FIHoNPm�s�NiLuD*� Jtsu@CD*mCDGFIHoJM@Axu� ��D*mC��Nb�GNMF

nxuFIHoNbLOD0D ��s�N�D*F�HCDGm��*@C�EHCB��*NPmG�
��xuD,LuD �uFuDG��xu��J �G��JMmCmnD�LOD�xOFuBE�MDG@CmCJM��BELvJMLuDt�

� N�DGm�HoxuLuN�LuD�mCxus�DG@ �Z���GBEDGm<HKJt�0� 
*� D*Fu�GNPFIHC@oJM��NPm �G� JtmCmCD*m�LOD�xOFuBE�MDG@CmCJM��BELvJMLuD,��DG�
LuD �vFuB�LuJMmG���GNP��N0J��*� JMmnmCD �,z�� 
+"P¡ � �uJ.�*� JMmnmCD ! ( 
+"�� � ��D*F�HC@CD�NPx�Ho@oJtmG� � LOB�F �M��B��GJ�LOD
xu��J mCxus�DG@ �Z���GBED�s�NiLuD�mnDG@ LuDGmn�G@CB�HKJ FuN���BE��B�HoD �GNPFIHo�EF�xuN �Z��BE��B�HoD�� ��� ��� � ����� � � ��� �;�ONPFuLOD
N!HKJM��JMF��ONbLuN mCBEmnHoD*� J

L
D N HCDG��s�N

t
HoD*FuLuD*��J!B�F��uFuBEHCNu� s�NP@�DG��xvJtp��iDGm,LuB �ZD*@CD*Fu�GB }

JMBEm�DGm�HoNi� 	Mm�HoBE�rJMm*��LON`HoB�s�N  �JMF � D*�iB�F � !SmnHoJMm DG��xvJMp���D*m LuDGmn�G@nD*�PD*� JMm �vxOHCxvJMp���D*m FvJ
mCxOs�D*@ �Z���*B�D,DG� � @oJMFuLODGm �GNP��su@CBE��D*FIHoNPm LuD�DGmn�rJM��J�D�moqMN��GNPFOmnHo@nxu��LuJMm��*NPFumnB�LuD*@oJMFuLONt} mnD
JMm�mCB���D*HC@CB�JMm<��xuD0LuD9�PDG� mCD*@ mCJtHoBEm �ZDGB�HKJMm s�DG� J�mCxus�DG@ �Z���*B�DM� � mCmnB��	��D*mnHKJtm DG��xvJtp��iDGmAmCqMN
NPm���N�LuD*��NPm�� JMBEm @CD*su@CD*mCDGFIHoJtHoB��PNPm�LvJMm��G��JMmCmnDGm�LuD	xuFuBE�MDG@nmoJM�EB�LvJMLODM��D	s�NP@ BEmCmCN �rJtLvJ
�G��JMmCmnDbHoD*� N^FuNM��D!JtmCmCNi�GB�JMLuN J`xu��J D*�ixuJMprqMN LuD!�*@CD*mC�GBE��D*FIHoNu� z|NP@�D ��DG��su��NO�SFvJ
�G��JMmCmnD ��z��\DGFu�*NPFIHo@CJM��NMm�xO� J!m 
*@CBED LuD���NiLuDG�ENPmALuBEmC�G@nD*HCNPmG���GNM��N LuD*s�NPmnB�pGqMN �vJM���Em�}
HoBE�rJ 
#� � �uN ��NiLuD*��N ���u? � 
 �-� � �vN ��NiLuDG�EN0LuD ��� � � ���! LuD���DG�E��N D9H JM� 
+"-
 ��D9Ho�t�u��xuD,FuN
��BE��B�HoDA�*NPFIHo�EFixON moqtN @CD*su@CD*mCD*F�HoJMLuNPm s�D*� J�DG��xvJMpGqMN �,z��X� � � 
*��LuB�mnmCN xO� J �tJM@CBEDGLvJMLOD
LuD,su@nN��*DGmCmnNPm @CDrJtB�m�
#����� � JMsO@CDGmnDGFIHKJ�NPm ��DGmC��NPm<D��Os�NiDGFIHoD*m LvJ �G��JMmCmnD ��z��X�

� N ��B���BEHCD`�GNMF�HC��F�xuNu�,J"mCxOs�D*@ �Z���*B�D 
g@nDGsu@nDGmnDGFIHKJMLuJ�s�NM@	xO� �GJM��s�N�LuD JM�EHCxu@oJMm

h(~x, t)
�ANPFOLuD

~x

 xu��J\s�NPmnB�pGqMN\LuN�mCxu�um�Ho@CJtHoNu� � �ZNP@n� J � D*@oJM� LuD xO� J�D*�ixuJMprqMN

LuD,�G@nDGmn�GB���DGFIHCN�LuD9�PD�mCD*@

∂h(~x, t)

∂t
= F + Φ({h} , ~x, t) + η(~x, t),

� �i� � ���
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 N �vx ��N^� 
GLuBEN LuDbsuJM@nHC���GxO� JMm.�ixODb� �uD � JM�4JMN LuDGs�{PmCB�HoN �ZDG� � DG@CJM� �

F =

�GNMFumnHoJMFIHoD �;�
Φ({h} , ~x, t)


UxO� �ZxOFu�GBENPFvJM�i��xuDU@CD*su@CD*mCD*F�HoJ,JMmX�*NP@C@nDG� Jtp��iDGmXLuJ mCxus�DG@ �Z���*B�D
D

η(~x, t)

,xu� @Cxu�ELuN��u@oJMFO�GNu�uNMx�mnD 
CJO�v�*NP� � 
GLuB�J0FixO� J

〈η(~x, t)〉 = 0
� ��� �M¡ �

D,�GN �tJM@CB �MFu�*B J
〈

η(~x, t)η(~x′, t′)
〉

= Dδds(~x − ~x′)δ(t − t′),
� ��� � � �

��xuD,L 	�N��GJM@�	eHoDG@ JM�EDrJtHC{P@CBEN0LvJ mCxOs�D*@ �Z���*B�Dt�
�|NiLuN�N�sO@CNP�u�EDG��J LuD.mnD.�*NPFum�Ho@CxOB�@ xu��J�D*�ixuJMprqMN�LuD��G@CD*mC�*B���DGFIHoN�DGm�H 	�D*��LuD*HCDG@~}

��B�FvJM@
Φ({h} , ~x, t)

�vNPx mnD 
CJO� ��xvJMBEm mCqMNbJtm �*NP@C@nDG��JMp��iDGm B���s�NM@nHKJtF�HCDGm<LuN�mCBEmnHoD*� J�� l D
xu� ��N�LuN � D*@oJM� �

Φ(~x, t)
s�N�LuD.LuDGs�DGFOLuDG@�LuD

(~x)i
�
hi
�
ti
D�LuD.LuDG@nBE�tJMLvJtm�D*mCsvJM�*B JMBEm�LOD

h
�GNM��N

(∇ih)
�
(∇h)i

D
(∇ih)(∇h)j

� �GNM�
i, j = 1, 2, 3, ...

�Uz|NM@ 
G�	� FvJ�� JMBENP@CB�J0LvJMm
mCB�HoxvJtp��iDGm�LOD B�FIHCDG@CD*mCmnDM�Sxu��J�mnxus�D*@ �Z�E�GB�D�LuD*�MDbmoJeHoB�m �kJ��GD*@0JM� � xu��JMm,mCBE��D9Ho@CB�JMm,� 	MmnB��rJtm
��xuD,@CD*Lux��GD*� Lu@oJMm�HoBE�rJM��DGFIHoD,Jtm LODGs�DGFuL'&*Fu�GB�JMm D ��su�E���GB�HKJMm<LOD

Φ
� �OqtN�D*� JMm*Q

J � � FI�MJt@CB �tFu�GB�J"mnNP� xO� J\Ho@CJMFumC��JMprqtN FuN"HoD*��s�N
(t → t + δt)

���ixOD D*��B���B�FuJ�J
LuD*s�D*FuL'&GFO�GB J HoD*��s�NP@CJM� �

��� � F��tJM@nB �MFO�GB J!mnNP�gxu��JbHo@CJMFumC��JMprqtN�FvJ LuBE@CDGpGqMN	LuN �*@CDGmn�GBE��D*F�HCN
(h → h + δh)

�
��xuD,DG�EB���B�FvJ0J LuD*s�D*FuL'&*Fu�GB�J�D*�

h
�

� � � FI�tJM@CB �MFu�GB�J`mCNP� xu��J Ho@oJtFumC��JMprqMN FvJ LuBE@CDGpGqMN s�D*@Cs�DGFuLOB��GxO� JM@�JMN �*@CDGmn�GBE��D*F�HCN

(~x → ~x + δ~x)
�u��xuD�DG�EB���B�FvJ.J�LODGs�DGFuL'&*Fu�GB�J�D*�

~x
�

L�� ��B���D*HC@CB J0LOD.BEF��MDG@nmoqMN
(~x → −~x)

����xuD�DG�EB���B�FvJ J�LuD*s�D*FuL'&GFO�GB J��GNP��LODG@CB��tJMLvJMm
LuD,NP@nLuDG� �E��suJM@ULuD

h
�

� m|mCB���D*HC@CB�JMm�LuD�� J ��J �Z� ��moqMN�FuDG�*DGmCm 	M@CB�JMmXs�NP@n�ixODyJ mCxus�DG@ �Z���GBED�FvqMN s�NiLuD�LODGs�DGFuLuD*@
LvJ DGmn�GNP� �vJ LvJMm<NP@nB � D*Fum��

t0
�
h0

D
~x0

�;��z|NP@ NPxOHC@CN ��JMLuNu�OJ�mnxus�DG@ �Z�E�GBEDAFvqMN�LuD9�PD,�0xuLvJt@
mCD��kJ��GD*��NPm�xu��J�@CNtHKJMpGqMNbLuD

180◦
D*� HCNP@CFONbLuNbD*B ��Nbs�DG@Cs�DGFOLuB��*xu� JM@�J D*� JO� ��J �GDGFOLuN

DGmnmoJ!B�FI�MDG@CmCqMN
(~x → −~x)

JMm�LuD*@CBE�tJMLuJMmALuD0NM@CLuD*� ����svJM@ HoD*� N!mnDGx mCB�FuJM�|BEFI�PDG@�HoBELuNu�
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s�NP@nHoJMFIHoN�HoJMB�m�LuD*@CBE�tJMLuJMm�FvqtN LuD9�PDG� JMsvJM@nDG�*DG@0FvJ	DG��xvJMpGqMN ��� � �	D�DGm�HKJ`DG��xvJtprqMN`mnD
@CD*Lux���J

∂h(~x, t)

∂t
= F + Φ

[

∇2ih, (∇h)2j , (∇2kh)(∇h)2j
]

+ η(~x, t).
� ��� ��
 �

l DGs�DGFOLuDGFuLON LuN\mnB�m�HoDG��JO� s�N�LuD��vJr�PDG@!NMxOHo@CJMmbmCBE��D9Ho@nB JMm���xuD^mCD 
CJM� mCJtHoBEm �ZDGB�HKJMm
s�DG� J.B�FIHoD*@ �kJM�*DM�O�*NP��N J0mCBE��D9Ho@CB�J 	 ��� � ��� � ��xuD��ED*�tJ ��D*��xvJMprqtN�! ( 
+"�� � �OLuBEmC�Gx�HoB�LuJ0J
mCD � xuBE@G�

��� � ��� � ��������
���! �$� � � �
�#��"
	 ��� ��!
� 	��
������� "��

� �ZNP@n� J���JMB�m mCB���su�EDGmbLuD xu��J�DG��xvJtprqMN�LuD �G@nDGmC�*B���DGFIHoN 
 JM��xuD*� J\NPFuLuD^FuqMN � 	
�GNM@C@CD*� JMp���D*m<FvJ�mCxus�DG@ �Z���GBEDM�uNMx	mnD 
CJO�

Φ = 0
FvJ�DG� ����� ��
O�u��xuD,mCD,HoNM@CFvJ mCBE��sO��DGmn��D*FIHoD

∂h(~x, t)

∂t
= F + η(~x, t).

� ��� �*% �

wyNP��N
F

�xO� J��GNPFOmnHKJtF�HCDM� N �uFuB��*N HoDG@n��N�@CD*��D9�MJtF�HCD,svJM@oJ�J�D*�PNM��xupGqMN�LuJ�mnxus�D*@ �Z�E�GB�D


,N�@Cxu�ELuNu�uNPx mnD 
CJO� J�JM�EDrJtHCNP@CBEDGLvJMLODM�uLvJt� N�FuNP��D��G@CD*mC�*B���DGFIHoN�JM��DGJtHo{M@CB�NO�
wyNP��NgJ mCxus�DG@ �Z���*B�D 
	LuDGmn�GNP@n@CDG��JM�GBENPFvJMLuJ FuqMN s�NiLuDG��NPm�NP�OHCDG@�NPm�D ��s�N�D*F�HCDGm�LvJ

@Cx � NPmCBELvJMLuD
α
D!LuBEF �M��B��GN

z
���GNMF��ZNP@C��D LOB�mC�*xOHoBELuN^FvJ`mnDGprqtNg�i� �����P� ?�D ��s�N�D*F�HCD LuD

�G@nDGmn�GB���DGFIHCN
β
LvJMLuN.s�D*� J.D*��xvJMprqtN���� ¡�s�NiLuD�mCDG@ �kJM�GBE����DGFIHoD NP�OHCB�LuN�JtHo@CJr� 
GmyLvJ�DG��xvJ }

prqtN �i� �*%�� � F�HCD � @CJMFuLuN�DGmnmoJ�DG��xvJMpGqMN�D*� @CD*� JMpGqMN�JMN HoD*��s�Nu�OHCDG��NPm

h(~x, t) = Ft +

∫ t

0

dt′η(~x, t′),
� ���#"P  �

HoNM� JMFOLuN N��tJM�ENP@U� 
GLuBEN LuD
h
D,xumCJMFuLuN�J�D*��xvJMprqtNb��� �M¡ DGFO�GNPFIHo@CJM��NPm

〈h(~x, t)〉 = Ft.
� ���#"�� �

!S��D9�MJtFuLuN�J0DG��xvJtprqMN����#"P  JMN ��xvJMLO@oJMLuN�D�xumCJMFuLuN�J0D*�ixuJMprqMN���� � ��NP��HoDG��NPmyHoJM�0� 
G�

〈

h2(~x, t)
〉

= F 2t2 + 2Dt.
� �i� "I���
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� @nx � NPmnB�LvJMLODM� LOD �vFuBELvJ FvJbD*��xvJMprqtN	���#�O� s�N�LuD.mCD*@�DGmC�*@CB�HKJ D*� HCDG@C��NPm�LuNPmALuNMB�m sO@CB�}
��DGB�@nNPmU��NP��DGFIHoNPm<LuJ�LuBEmnHC@CB��OxuB�pGqMN0LuD�JM��Hoxu@CJMmG�

W 2(t) =
〈

h2
〉

− 〈h〉2 ,
� ���#" " �

D�JMmCmnB�� DGFu�*NPFIHo@oJt��NPm

W 2(t) = 2Dt,
� ��� "-� �

��xuD�s�D*� J!DG��xvJMpGqMN^�i� ¡!FuNPm�L 	!N	D ��s�NiDGFIHCD�LuD��G@nDGmn�GB���DGFIHCN
β = 1/2

svJM@oJ ��xvJM�E�ixODG@
LuBE��D*FumoqMN

ds

LuN�mnxu�umnHC@oJtHCNu��?AmyD��Os�NiDGFIHoD*m
β = 1/2

D
α
D

z
B�FuLuD9HoD*@C��B�FvJMLONPm�LuD �vFODG�

J �G��JMmCmnD�LOD�xOFuBE�MDG@CmCJM��BELvJMLuD�LON��*@CDGmn�GBE��D*F�HCN�JM��DGJtHo{P@nB�Nu�

��� � � � � ��������
���! ���

��� ��N�LODG��N	�GNMF�HC��F�xuN��ZNMB�su@nNPs�NPmnHCN`s�NM@ !SL��yJM@CLOm D ( B���	�B�FumnNPFgD*� �$%�
I� 
+"�� ��svJM@CJ
@CD*su@CD*mCD*F�HoJM@ BEFIHoDG@ �kJM�GD*m ��xuD�JMsu@nDGmCD*FIHKJM� mCBE��D9Ho@CB�J`LuD	@CD
�uD �OqMN�D*�4HoNP@nFuNgLvJ JM��Hoxu@CJ
� 
GLuB�JO� NPx.mnD 
CJO�eB�FI�tJM@nB JMFIHoD*m�mCNP��J HC@oJMFum �ZNP@C��JMpGqMN

h → −h
�Z�GNPF��uDG�*B�LvJ �GNP��N mCB���D*HC@CB�J

	 ��� � ��� � �;� !SmnmoJ�HC@oJMFOm �ZNP@n� JMpGqMN��0xuLvJ�N�mCB�FuJM� LuN�� JMLON�D*mC��xuD*@CLuNbLuJ�D*�ixuJMprqMN ��� ��
�D
svJM@CJ � JM@oJMFIHCB�@SJ,B�FI�tJM@CB �MFu�*B JALuD*mCmoJ�DG��xvJMpGqMN,HoDG@n��NMm�FuqMNt} �EB�FuDGJM@CD*mSLuN�HoBEs�N

(∇h)2i
�GNP�

i = 1, 2, · · · FuqMN�s�NiLuDG� JMsvJM@nDG�GD*@ LuN�mCDGx�� JMLON LuB�@nDGBEHCNu�ON���xuD�FuNPm L 	

∂h(~x, t)

∂t
= F+a1(∇2h)+a2(∇4h)+· · ·+b1(∇2h)(∇h)2+b2(∇2h)(∇h)4+· · ·+η(~x, t),

� ���#"�� �
NPFuLOD�NMm �*N�D �v�GBEDGFIHoD*m

ai

D
bi

�u�*NP�
i = 1, 2, . . .

�vmoqMN��GNMFumnHoJMFIHoDGm*�
� N���BE��B�HoD �uB�LO@CNiLuB�F �t��BE�GN.JMm<LuDG@nBE�tJMLvJtm<LuD,NP@CLuD*Fum � JtB�mUJt�EHKJtm �v�rJt� LuDGmnsu@CD��G���PDGBEm

DG� @CDG��JMprqtN��tm�LOD�NP@nLuDG� � JMBEmA�vJMB �OJO� l D �kJeHoNu��J mCxus�DG@ �Z���*B�D LuD9�PD mnDG@�JMxOHCNt}~J �v�
DM�
s�NP@nHoJMFIHoNu�tB�FI�tJM@CB�JMFIHoD �Z@nDGFIHoD � Ho@oJtFum �ZNP@n� JtprqMN�LuD JMxOHCNt}~J �uFuB�LvJtLuD �ZDG� ����� � �;�SwyNP� DGmnmoJ
Ho@CJMFum �ZNP@C��JMprqtN NPm<HoDG@n��NMm ∇2h

D ∇4h
�vs�NP@<D���DG��su��Nu�OmCD�@CDGD*mC�GJM� JM� �GNP��NuQ

∇′2h′ → bα−2∇2h
� ���#"P¡ �
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D

∇′4h′ → bα−4∇4h.
� ���#"�� �

� N^�EB���BEHCD �OB�Lu@nN�LuBEF �M��B��*N
b → ∞ �SDGFIHKqMN^N`HCDG@n��N ∇4h

HCDGFuLuD J �*DG@nN^�0xuBEHCN ��JMB�m
@�	tsuB�LuN ��xuD�N � Jtsu� JM�*B JMFONu��z|D*��N ��D*mC��N�su@nN��*DGLuBE��D*FIHoN s�NiLuDG��NPm ��NMmnHo@CJM@���xuD�HCN�LuJMmXJtm
NPxOHC@oJMmSLODG@CB��tJMLvJMm>HoJM�0� 
G� mCqMN,B�@C@nDG�ED*�tJMFIHoD*mSDG� @nDG� JtprqMN � ∇2h

FvJM��xuDG�ED<��BE��B�HoDM� � DGmnHCD
�GNMF�HCD �iHoNO�<JM� � xuFum HoD*@C��NPm�moqMN �GNPFumnB�LuD*@oJMLONPm�BE@C@nDG��D9�tJMFIHoDGm�mnNP��N s�NMF�HCNgLuD �iB�m�HKJ LuN
� @nxus�N LuD<@CD*FuNP@C��JM�EB �rJtprqMNu�eNPx mnD 
CJO�PD*��D*mSFvqMN�J �ZD9HKJM� NPmSD��Os�NiDGFIHoD*mSLuD<DGmn�rJM��J

(α, β, z)
�

JMs�DGmCJM@>LuD<s�N�LODG@CD*� J �ZD9HKJM@XJMm�JM��su��B�HoxuLODGm LvJMmS@CD*� JMp���D*m>LuD<D*mC�rJt� J
(A, b1, b2, ...)

FvJAD*� �
��� �-�u� l D*mCsu@nD��GJMFuLuN�DGmCmnDGm HoDG@n��NMm<DGFu�*NPFIHo@oJt��NPm J�DG��xvJtprqMN�LuD�!SL��UJt@CLum D,( B�� 	�BEFumCNPF

+"�� � �ZDG��xvJMpGqMN ! ( �

∂h(~x, t)

∂t
= ν∇2h(~x, t) + η(~x, t),

� ���#"-
 �
NPFuLOD

ν

 xu��J��GNMFumnHoJMFIHoD �GNPF��uDG�*B�LvJ\�*NP��N�HCDGFumCqMN"mCxus�DG@ �Z���*B JM� �<s�NPBEmbN"� JMsO� JM�*B JMFuN

HoD*FuLuD J.mCxuJ �iB �rJM@yJ.mCxOs�D*@ �Z���*B�Dt� � �*NPFum�HKJMFIHoD
F
FvqMN0JtsvJM@CD*�GD�FvJ.D*�ixuJMprqMN !)( s�NP@n��xuD

DGm�HKJM��NPm FuN�@CD �ZD*@CD*Fu�GB�JM��LuD0JM��Hoxu@CJ ��
*LuB J
h → h − Ft

� NPx mnD 
CJO��J��MDG�EN��*B�LvJMLOD�� 
GLOB J

v
LuJ�mnxus�D*@ �Z�E�GB�D 


v ≡
∫ L

0

dd~x

〈

∂h(~x, t)

∂t

〉

= 0,
� �i� " % �

�GNMFumCBELuDG@CJMFuLuN��*NPFuLuBEp��iDGm�LuD`�GNMF�HCNP@CFON�s�D*@CBE{�LuBE�rJMm*�U��xuD^JMF�xu��JM� Jg�*NPFIHo@CBE�uxuBEprqMN LuN
� Jtsu� JM�*B JMFON �kxOmoJM��NPm J DG��xvJMpGqMNb�i� �M¡ �9�

z|NP@.mCD*@0��BEFuDrJM@*�XJ	DG��xvJMpGqMN ! ( s�NiLuD�mCDG@.@CD*mCNP����BELvJ JeHo@oJr��
Gm0LuD�xu��J JMF 	t��B�mnD�LOD
�vNPxu@nB�DG@*�>D HoJMFIHoN^NPm0D���s�NiDGFIHoD*m

α
�
β
D

z
��xvJMFIHCN J�@CDG��JMprqtN`LuD!DGmn�rJM��J LuD � JM��B����^D

�ABE�GmnD 	 �ZDG� �"����� � ��s�NiLuDG� mCD*@ �rJM�E�Gxu��JMLuNPm0D��OJtHKJM��DGFIHCD �Z�PD*@ @CD �ZmG� 
#� �UD 
 
 � �9�g����J
�ZNP@n� J.JM�EHCDG@CFuJtHoB��MJ,D ��JMBEm�mnB���su��D*myLuD�LuD*HCDG@C��B�FuJM@yNPm�D ��s�N�D*F�HCDGm<LuD DGmC�GJM� J�
AD ��su�ENP@oJM@
JgJtxOHoNt} J �vFuBELvJMLuD	LvJ mCxus�DG@ �Z���GBEDM� z|D*� J HC@oJMFOm �ZNP@n� JMpGqMNgLOD`JMxOHCNt}~J �vFuB�LuJMLuD	LvJMLvJ FvJ
DG��xvJtprqMN �����$%0HoDG��NPm

~x → ~x′ ≡ b~x, h → h′ ≡ bαh
D

t → t′ ≡ bzt.
� ���+�I  �
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zXJt@oJ�N�@nxu��LuNO�<�GNPFumnB�LuD*@oJMFOLuN"JgDG��xvJtprqMN ��� � � D J�su@CNPsO@CB�D*LvJMLuD�LvJMm �ZxOFup��iDGm!LuD*�EHoJ

δd(a~x) = a−dδd(~x)
�vNP�OHCDG��NPm

〈

η(b~x, bzt)η( ~bx′, bzt′)
〉

= Dδds(b~x − b~x′)δ(bzt − bzt′) = b(−ds−z)
〈

η(~x, t)η(~x′, t′)
〉

.

� ���+� � �
? ��JMsu��JM�GB�JMFuN0mnD,HC@oJMFOm �ZNP@n� J0LuD�JM�*NP@CLON��*NP� ���#"P¡0D

∂h′

∂t′
= bα−z ∂h

∂t
,

� ���+��� �

LuD,NPFuLOD�NM�OHoD*��NPm J D*�ixuJMprqMN ! ( @CD*DGmn�rJM��JMLvJ

∂h(~x, t)

∂t
= νbz−2∇2h(~x, t) + b−

d
2
+ z

2
−αη(~x, t).

� ���#� " �

zXJt@oJ��ixOD.J�B�FI�tJM@nB �MFu�*B J�mnD 
CJ�moJtHCB�m �ZDGBEHoJO�uD*mCmoJ�DG��xvJMpGqMN�LuD*�MD�mCD*@ B � xvJt��� DG��xvJMpGqMN ! (
NP@nB � BEFvJM� ��N���xuD�B���su��BE�rJ

bz−2 = 1
D

b−
ds
2

+ z
2
−α = 1

� �i�#� � �

svJM@CJ.��xvJM�E��xuDG@
b
�iNPxbmnD 
CJO�iNPm�D ��s�NiDGFIHCDGmULuN��kJtHoNP@�LuD�DGmn�rJM��J

b
LuD9�PDG� mCD*@yF�xu��NMmG�iN���xuD

FuNPm L 	

z = 2, α =
2 − ds

2

D
β =

2 − ds

4
.

� ���+� � �
wyNP��N	s�NiLuDG��NPmA�PD*@CB �v�rJM@,FvJ DG��xvJtprqMN JM�GBE� JO� N�D��Os�NiDGFIHoD�LvJ!@Cx � NPmCBELvJMLuD

α
D�N

D ��s�N�D*FIHoD�LOD��G@nDGmn�GB���DGFIHCN
β
LuD*s�D*FuLuDG� LvJ�LuB���DGFOmoqMN�LuN mnxu�um�Ho@oJeHoNu� !S�

d = 1 + 1
�

HoD*��NMm
β = 1/4

D
α = 1/2

�OD�DG�
d = 2 + 1

HCDG��NPm
α = β = 0

�ON �ixOD�mnB � FOB �v�GJ0�ixOD,J
@Cx � NPmCBELvJMLuDAHCDG� �*NP��s�NP@�HKJM��DGFIHCN ��N � Jt@C�EHC��BE�GN

W 2(L, t � tx) ∼ log(t)
D

W 2(L, t � tx) ∼ log(L).
� ���+�I¡ �

zXJM@CJ
d > 2 + 1

D*mCmnDGm�D ��s�N�D*F�HCDGm�moqtN`FuD � JtHoB��PNPm*��N �ixOD �kJ��b�GNM� ��xuD!��xvJM�E��xuDG@
�vxOHCxvJMpGqMN LvJ	B�FIHoD*@ �kJM�*D�mnD 
CJ�JM��NM@nHoD*�GBELvJ!s�D*� J!HoDGFOmoqMN�mCxus�DG@ �v�GB�JM��D�DGm�HKJ	s�D*@C��JMFuDGpGJ
mCD*��sO@CD,��BEmoJ��

W
�vFuB�HoN���D*mC��N svJM@CJ

L, t → ∞ �9�
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wyNP��N0�PDG��NPm JM�*B���JO��NMm D���s�NiDGFIHoD*m LuD,DGmC�GJM� J mCqMN��GNP��su��D9HKJM��DGFIHCDALuB �ZD*@CD*F�HCDGm LvJe}
��xuDG�EDGm�DGFO�GNPFIHo@CJMLuNPm�svJM@CJ J D*�ixuJMprqMN JM�EDrJtHC{P@CB�J � ��� �*% �;�"z|NP@�HKJMFIHCNu��D*mnHCDGm�D ��s�NiDGFIHCDGm
LuD9�PDG�8LuD �vFuB�@�xu��J�FON �tJ��G� JtmCmCD LuD�xuFuBE�MDG@nmoJM�EB�LvJMLOD D�DGm�HKJ�
��GNPF��uDG�*B�LvJ��GNP��N�J��G��JMmCmnD
! ((�

��� � ��� � ��������
���!������

wyNPF��ZNM@C��DyLuBEmC�Gx�HoB���NPm|FvJ mCxO�umCD*prqMN.JMFIHoD*@CB�NM@G�PJAmnB���D*HC@CB J 	 ��� � ��� � 
UN��kJeHoNP@|LuB �ZD*@CDGFO�GB�}
JMLuNM@XLvJ HCDGNP@nB J�LOD�!SL��UJt@CLum�D ( BE� 	�B�FumnNPF �|� JMmSD*����xuBEHCNPm|sO@CNi�GDGmnmCNPm�LuDy�G@CD*mC�*B���DGFIHoNu�
JbJ � @CD � JMprqMN LuD0svJM@�Ho�E�Gxu��JMm s�N�LOD0LuDGs�DGFOLuDG@�LvJ�FuNP@C��JM� ��Ni�rJM� �Zsu@C{ ��B���JbJMNbs�NPFIHoN!LOD
J � @nD � JtprqMN � D�J mCB���D*HC@CB�J 	 ��� � ��� � 
���xuDG�u@CJMLvJO� !�� �&%-
P¡ �,JM@CLvJt@G�|zXJM@nB�mCBSD � �vJMF �

+"P¡ ��su@nNPsuxumnDG@CJM��xu��J0D �iHoD*FumoqMN�LvJ�DG��xvJMpGqMN ! ((�vsvJt@oJ LuDGmn�G@nD*�PD*@�HoJMB�m<su@nN��*DGmnmCNPm*�

��D FvqMN ��	�N�@CD*�ixOB�mCB�HoN�LvJ.mnB���D*HC@CB J 	 ��� � ��� �v�IHoD*@C��NPm�FvqMN���B�FODrJM@nDGm�LuN,HoB�s�N (∇h)2i

�GNM�
i = 1, 2, ...

s�NiLuDG�8DGm�HKJM@UsO@CDGmnDGFIHoD*m FvJ�DG��xvJtprqMN�LuDA�*@CD*mC�GBE��D*FIHoNu��wyNP��N � �*DG��NPm
svJM@CJ N ��JMsu��JM�GB�JMFuN�FvJ mnDGprqtN JMFIHoDG@nB�NP@*��s�NiLuDG��NPm ��NPm�Ho@CJM@�s�NP@ JM@ � xO��D*F�HCNPm LOD�DGmn�rJM��J
��xuD<FuNA�EB���BEHCD �OB�Lu@nN�LuBEF �M��B��*N N�HoDG@n��N

(∇h)2

ULuNP��B�FvJtF�HCDyD*��@nDG� JtprqMN�JtNPm|HCDG@C��NPm>LOD

NP@nLuDG� mnxus�DG@CBENP@G� � LuBE�GB�NMFvJMFuLuN�D*mCmCD,HoD*@C��N � D*�ixuJMprqMN ! ((�vDGFu�*NPFIHo@oJt��NPm�J DG��xvJMpGqMN
LuD �,z�� 
+"P¡ �

∂h(~x, t)

∂t
= ν∇2h +

λ

2
(∇h)2 + η(~x, t),

� ���#��� �
NPFuLOD

λ

��GNPF��ODG�GBELuN �*NP��N�D��O�*DGmnmCN^LuD��PD*��Ni�GB�LuJMLuDM� !�mnmCD�FuNP��D�mnD LuD9�PD JMN��kJtHCN�LOD

��xuD���D*mC��N�D*mnHoJMFuLuN�FuN�@CD �ZD*@CD*Fu�GB�JM��LuD.JM�EHCxu@oJ0� 
GLuB�J �GNPFum�HKJMFIHCD�J �PD*��Ni�GB�LuJMLuD�� 
GLuB�J
LvJ mCxOs�D*@ �Z���*B�D�FvqtN�
�F�xu��J

v ≡
∫ L

0

dd~x
〈

(∇h)2
〉

,
� ���+� 
 �

NPx mCD 
CJO�vN��G@CD*mC�*B���DGFIHoN�� JeHoDG@CJM� su@nN�LOx��,xu� J��MDG�EN��*B�LvJMLOD,JMLuB��*B�NPFuJM� FvJ�mCxOs�D*@ �Z���*B�Dt�
z|NiLuDG��NPm HKJt�0� 
*� �*NPFumnHC@CxuBE@�J^DG��xvJMpGqMN �,z�� s�NP@ �*NPFumCBELuDG@CJMp��iDGm � D*NP� 
*Ho@nB��GJMmG�

� J � � xu@CJ ��� �r  ��NMmnHo@CJM��NPm�xO� D*mC��xuDG��JbLuD �*@CDGmn�GBE��D*F�HCN!� JtHCDG@CJM��LuD0xu��J B�FIHCDG@ �kJt�GDM�
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 ����
���
 ��� � ����
������ � ��� � �t¡

�XB � xu@oJ������  OQ"!Smn�ixODG��J�BE��xum�Ho@oJeHoBE�MN LuN��G@nDGmC�*B���DGFIHoN�� JeHoDG@CJM� LOD�xO� J mCxOs�D*@ �Z���*B�Dt�

����B�Fu�*@CDG��DGFIHCN
vδt

FvJ,LuBE@CDGpGqMN�LvJ�FONP@C��JM�u�EN��GJM� �tsu@CNiLux�� xu� BEFu�G@nDG��DGFIHoN.JMsu@nN ��BE� Je}
LvJM��DGFIHCD

δh
FuJ�JM��Hoxu@CJ0DG�

x = x1

�uD,s�DG��N HCDGNP@nDG��J0LuD�zSB�H 	 � NM@oJMmyHCDG��NPm

δh = vδt[1 + (∇h)2]1/2.
� ���+��% �

��D,�GNMFumCBELuDG@CJM��NMm |∇h| � 1
s�NiLuDG��NPm �kJ��*DG@ J�D ��svJMFOmoqMN

∂h(~x, t)

∂t
= v +

v

2
(∇h)2 + · · · ,

� �i� �M  �

mCx � DG@nB�FuLuN���xuD�N HoDG@n��N
(∇h)2

LuD*�MD.D*mnHoJM@ su@CD*mCDGFIHCD.FvJ�DG��xvJtprqMN�LuD,�G@nDGmC�*B���DGFIHoNO�
l D*�iBELuN ��mCxvJ�FvqMN���B�FODrJM@nB�LvJMLOD J�D*�ixuJMprqMN ��z��(FvqMN�s�NiLuD mCDG@�@CD*mCNP����BELvJ\s�NM@

JMF 	t��B�mnD!LuD�� NMxu@CBEDG@G� � � 
G� LuBEmCmCNO�ymCD�xumoJt��NPm�J Ho@oJtFum �ZNP@n� JtprqMN LuD�JMxOHCNt}~J �uFuB�LvJtLuDM�
�GNM��N � �GD*��NPm�svJM@oJ�J DG��xvJtprqMN ! ((�XD*Fu�GNMF�HC@oJM��NPm�Ho@ &*m0DG��xvJtp��iDGm0svJt@oJ LuD9HoD*@C��B�FvJM@
JMs�DGFvJtmULuNPBEmUD ��s�N�D*F�HCDGm��

α
D

z
�;�uB���s�NMmCmCBE�uB��EBEHoJMFuLuN�N � 	M���*xu��N0LODGmnHCDGm*��z NP@<NPxOHC@CN0��JMLuNu�

s�N�LuD�mnDG@ ��NMmnHo@CJMLuN s�NP@<B�FI�tJM@nB �MFu�*B J � JM��BE��DrJtFvJ �Z�MDG@ @CD �ZmG� 
#��� 
 � �U�ixOD

α + z = 2
� ��� �'� �

DG� ��xvJM�E��xuDG@�LuB���DGFOmoqMNu� w 	t���GxO��NPm�LuD � @Cxus�NgLOD @CD*FuNP@n� JM�EB �GJMprqMNO��D*�
d = 1 + 1

�
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 ��� � ����
������ � ��� � �*�

��NPmnHC@oJM@CJM� ��xuD 
#� �

α = 1/2, β = 1/3
D

z = 3/2,
� ��� �M� �

�GNMFumCBEmnHoD*FIHoDGm �GNM��J DG��xvJMpGqMN!��� � �P�
zXJM@CJ

d > 1+1
�PFuDGF��ixO�8@nDGmnxu�EHoJMLuN�JMFvJM�E�EHCB��GN D �OJtHoN�
 �GNPF��uDG�*B�LuN�svJM@CJ�NPm�D��Os�NiDGF�}

HoD*mG� ��NM��xup���D*mAJMFvJt���EHCB��GJMm JMsu@CN ��B���JMLvJtm 
+" % �|D0@CD*mCxu��HKJMLONPm LuD�mCB���xu� JMp���D*m 
 �I O��� � �|DG�

d = 2 + 1
BEFuLuB��GJM�8xu� D ��s�N�D*FIHoD

α ≈ 0.39,
� ��� �-" �

s�DG� Jtm<DG��xvJMp���D*mA����� �0D.��� � ��LuD*�MDG��NPm HoDG@

z ≈ 1.61
D

β ≈ 0.24
� ��� �-� �

wyNP��N�NMm<D ��s�NiDGFIHCDGm DGFu�*NPFIHo@oJtLuNPm�JM�GBE� J�LOB �ZDG@nDG� LvJM��xuDG�EDGm ��xuD,LuD �vFODG� J �G��JMmCmnD
! ( D�J	�*� JMmnmCD l � � DGm�HoDGm�LuD9�PDG� @nDGsu@nDGmCD*FIHKJM@.xu� J!FuN �tJ �G� JtmCmCD�LuD�xuFuB��PDG@nmoJM�EB�LvJtLuDM�
mCD*FuLuN�DGm�HKJ��GNPF��ODG�GBELvJ��G� JtmCmCD �,z��X�

��� � ��� � ��������
���! �$� � !�	 ����� "�	�	���" �

����J.�GJM@oJt�*HoD*@C�EmnHoBE�rJ �ZxuFuLvJM��DGFIHoJM� LuN��G@CD*mC�*B���DGFIHoN0LODAmCxus�DG@ �Z���*B�DGm�s�NM@<� . ! 
AJ.LuB �Zx�}
moqtN�LuD,svJt@nHo�E�Gxu��JMm 
 	�LuDGs�NPmCB�HKJMLuJMm�� JMLumnNP@n�iBELvJMm �yFuJ�BEF�HCDG@ �kJM�GD,LuN�J � @nD � JMLON 
#�i��
�� �I� � �
!SmCmCJ,LOB �ZxumCqMN��GNP�ED*HCBE�tJ su@nN�Lux��<xu� J��GNP@n@CDGFIHCD ~J(~x, t)

FvJ�B�FIHoD*@ �kJM�*DUDM�ImnD �GNPFumnB�LuD*@oJM@n��NMm
��xuD xu��J �PD�� JMLOmCNP@���BELvJ,J�svJM@nHC���*xu� J F�xuFO�rJ,� JMBEmXLuD*B �OJ�N,LuDGs�{PmCB�HoNu�IN�F �u��DG@nN,LuD svJM@�}
Ho�E�Gxu��JMm 
 �GNPFum�HKJMFIHCD�Luxu@oJtF�HCD�N su@CNi�GD*mCmnN�LOD�LuB �ZxumCqMN0DAD*mCmCJ��*NP@C@nDGFIHoD�LOD*�PD,NP��DGLODG�GD*@ �
DG��xvJtprqMN�LuD,�GNPFIHCB�F�xuB�LuJMLuD

∂h

∂t
= −∇ · ~J(~x, t).

� �i� � ���
wyNP��svJM@CJMFuLuN DGmnmoJ D*��xvJMprqtN��GNP� J DG� � ��� ��
 s�NiLuD*��NPm�BE��D*LuB JtHoJM��DGFIHoD!JtmCmCNi�GB�JM@�N
HoD*@C��N −∇ · ~J(~x, t)

JMN �ZxuFu�*B�NPFvJt�
Φ
� � �GNP@n@CD*F�HCD ~J(~x, t)

LuD*�MD�mnDG@�LuBE@CD*�GB�NMFvJMLvJ s�DG�EN
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� @CJMLuB�D*FIHoD�LuD,s�NMHoD*Fu�GB�JM� ��xu����B��*N ��Ni�rJM�
µ(~x, t)

LvJ B�FIHoD*@ �kJM�*D

~J(~x, t) ∝ −∇µ(~x, t).
� ��� �M¡ �

? s�NtHoDGFO�GB Jt���ixO����B��GN"FvJ"mCxOs�D*@ �Z���*B�D DGm�H 	 @nDG��JM�GBENPFvJMLuN�JMN�F �u��DG@CN LuD ��B � JMp��iDGm
��xuDAxu��J.suJM@nHC���GxO� J.LOD*�PD�@nNP��s�D*@�svJt@oJ���xuDAs�NPmnmoJ�LuB �ZxuFuLuBE@G�Xz|NP@�HKJMFIHoNO�ODGm�HoD�FvqtN�LuD9�PD
�tJM@CB�JM@ mCD<B�FO�G��BEFvJM��NPm�FuNPmnmCN�DGB ��NALuD<�GNiNP@nLuDGFvJtLvJMmG�MNPx mCD 
CJO�

µ(~x, t)
FvqtNALuD*�MD LuDGs�DGFuLODG@

LuD
(∇h)i

�t�*NP�
i = 1, 2, . . .

� � LuB �ZxumCqMN LuDSxu��JUsvJM@�Ho���*xu� J�HKJM�0� 
G� FvqMN<LuD9�PD�LuDGs�DGFOLuDG@
LvJ�JM�EHCxu@oJ

h
LODGmnHoJO� D*FIHKqMN�N HoD*@C��N LuD.NP@CLuD*� � JMBEm �vJMB �OJ�svJM@oJ�Nbs�NMHoD*Fu�GB�JM���ixO����B��GN

LuD9�PDG@,mnDG@
(∇2h)

� l D �kJtHoNO� N F �O��D*@CN!LuD �EB � JMp���D*m LuD xO� JbsvJt@nHo�E�Gxu��J JMxO��D*F�HoJ!�GNP�
J �*xu@n�tJtHCxu@oJbLvJbBEFIHoDG@ �kJM�GD�FvJM��xuDG�ED0s�NPFIHoN �Z�MDG@�� � xu@oJ �i� � � �9� ��D0D*mCmCJ �*xu@n�tJtHCxu@oJ HCDG�
xu��J	�*NPFu�GJ �iBELvJMLuD�s�NMmCBEHCBE�tJ � ∇2h > 0

�AN F �u��DG@nN�LOD��iB �*B�F��uNMm�LOD xu��J	suJM@nHC���GxO� J 

� @CJMFuLuDt�gz NP@ NPxOHC@CN`��JMLuNu�SmnD J`�GNPFu�GJr��BELvJMLuD 
!FOD � JtHCBE�tJ � ∇2h < 0

�9�SN^F �u��DG@nN LuD
�iB �*B�F��uNMm�
�s�DG��xuD*FuNu� s�NP@nHoJMFIHoN

µ(~x, t) ∝ −∇2h(~x, t).
� �i� � ���

wyNP�0�OB�FvJMFOLuN	JMm.D*��xvJMp��iDGm�LuD ��� � �	J���� � ����Fu{Pm�NP�OHCDG��NPm�J	D*��xvJMprqtN LuD�LuB �ZxumoqMN	mCxi}
s�DG@ �u�GB Jt�

∂h(~x, t)

∂t
= −K∇4h + η(~x, t),

� ��� ��
 �
��xuD 
��*NPF��uD*�GBELvJ	�*NP��N	D*��xvJMprqtN LuD (gNM� � } � B��E� JMBEF 
 ��"O� �*� � � !SmCmCJ�D*�ixuJMprqMN�
�mCB���B���JM@
J D*�ixuJMprqMN�! ( D0s�NiLuDG��NPm LuD*HCDG@C��B�FuJM@�NMmAD ��s�N�D*F�HCDGm�LuD.DGmn�rJM��J xumoJtFuLuN J�HC@oJMFum �ZNP@�}
��JMprqMN�LuD�JMxOHCNt}~J �uFuB�LvJtLuDM� ��D � xOB�FuLuN�N���DGmn��N,su@nN��*DGLuBE��D*FIHoN�xOmoJMLuN.svJM@CJ.J,DG��xvJMpGqMN
! ((�vNPm D ��s�N�D*F�HCDGm NP�OHCB�LuNPm<mCqMN

z = 4, α =
4 − ds

2

D
β =

4 − ds

8
.

� ��� �*% �

!S�
d = 1 + 1

HoD*��NMm
α = 3/2

D
β = 3/8

�SDbDG�
d = 2 + 1

HCDG��NPm
α = 1

D

β = 1/4
�<wyNP��N�DGmCmnDGmAD���s�NiDGFIHoD*m LuB �ZDG@nDG��LvJM��xuD*��D*m�D*Fu�GNPFIHC@oJMLuNMm FvJMm NPxOHC@oJMm �G��JMmCmnDGm

LuD,xuFuB��PD*@CmoJt��B�LuJMLuDM�ODG��D*m LuD*�MDG���rJt@oJM�9HoDG@nB �GJM@<xu��J�FON �tJ �G��JMmCmnDM�
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�XB � xu@oJ �i� � �MQ !SmC��xuDG��J B���xOmnHo@CJtHoB��PN!LuN F �u��DG@nN	LOD��EB � Jtp��iDGmALuD xO�
mC��HoB�NO� svJM@CJ LOB �ZD9}
@CD*FIHoDGm �GxO@n�tJtHoxO@oJMm LvJ mCxOs�D*@ �Z���*B�Dt�

����� � -�3!5<7*-.1�3!5 � =|5 1 +�'�� 5 ��� - � '*1,+�=X5 � -.1

� ��NiLuD*� J � D*� HCDG{P@nB��GJbLvJ	LOB�F �M��B��GJ LuD�mCxOs�D*@ �Z���*B�D*m�mnD�L 		s�DG�EN!DGm�HoxuLuN�LuD�DG��xvJMp���D*m
�GNMF�HC��F�xvJMm*�O�*NP��N�LuB�mn�GxOHCB�LuN0FuJ�mCD*prqMN�JMFIHCDG@CBENP@G�iNPx!s�DG�EN�DGm�HoxuLON�LODA��NiLuD*��NPm�LuB�mn�G@nD*HoNMm
� JeHoNP����m�HoB��*NPm �,LuD!LuD*s�NPmnB�pGqMN LuD!svJM@�Ho���*xu� JtmG� !Sm�HoDGm �u��HoB���NPm�s�NiLuD*� mCD*@�LuBE�iB�LONPm0DG�
LuxvJtm��G� JtmCmCD*mGQ���NiLuDG�ENPm �*NP� ��NP�uBE��BELvJMLuD,��BE��B�HKJMLuJ�D ��NiLuDG�ENPm �*NP� LOB �ZxumCqMN!�GNP�ED*HCBE�tJO�
��NiLuDG�ENPm<LuD�LuB �ZxOmoqMN��GNM��D*HCBE�tJ � D*@oJM�E��D*F�HCD�moqMN���JMB�mU�*NP��su��D��ONMmG�vDGFI�MNP�E�MDGFuLuN LuB �ZxumCqMNu�
J � @nD � JtprqMN D�LuD*moJ � @CD � JMprqMN�LuDAHCN�LuJMm JMm<svJM@�Ho�E�Gxu��JMmymnB��0xu��HKJMFODrJM��DGFIHoDt�Sz|NM@nHKJtF�HCNu�umCqMN
NPmS��N�LODG��NMmX��xuD � JtB�mXmnD JMsu@CN ��B���JM�(LvJ�LuBEF �M��B��rJ�LuD<su@CNi�GD*mCmnNPm�LuD<�G@nDGmC�*B���DGFIHoN,@nDrJMBEm

 
O�'�i����� � ���	N�LuD*��NPmS�*NP� ��NP�uB��EB�LvJtLuDy�EB���BEHKJtLvJ�mCqMN,� JMBEmSmCBE��su�EDGm*Q|svJt@nHo�E�Gxu��JMmSB�FO�GB�LODG�
FvJ^mCxOs�D*@ �Z���*B�DbD!mnD	J � @CD � JM�	�S�rJMmnN J @nD � @CJ^LuD!LuDGs�NPmnB�prqtN mnD 
CJ^moJeHoB�m �ZDGB�HKJO�SLuD �ZNP@n� J
mCD*���'&GFu�*B JM� �|NMx mnD 
CJO� xu��J suJM@nHC���GxO� JbLuD��rJMLuJ �MD��M� � s�DGmoJt@�LODGmCmnDGm �O�EHoBE��NMm ��N�LuD*��NPm
mCD*@CD*���vJMm�HKJMFIHCDUmCBE��su�EB �v�GJMLuNPm*�ts�NiLuDG�(LuD*mC�G@nD*�MDG@���D*��Jt� � xu��JMm su@CNMsu@CBEDGLvJMLODGm>LuDysu@CNt}
�GD*mCmnNPmy@nDrJMBEm�LOD��*@CDGmn�GBE��D*F�HCNu��� N�LuNMm�NPm���N�LODG��NMm�Jtsu@CD*mCDGFIHoJMLuNPm�FuDGmnmoJ.LOB�mCmnDG@�HKJMpGqMN�mCqMN
LuD,��NP�uB��EB�LvJtLuD��EB���BEHoJMLvJO�

� J0mnB��0xu��JMprqtN.LuD ��NiLuDG�ENPm�LuDA�G@nDGmn�GB���DGFIHCN DG�
d = ds + 1

LuB���DGFum ��D*mG�isvJM@�Ho���*xu� Jtm
moqtN�J � @CD � JMLvJtm J0xu� J0mnxus�DG@ �Z�E�GBEDALuD�LuBE��D*FumoqMN

ds

B�FuBE�GB�JM����DGFIHoD ��BEmoJO�iN mCxO�umnHC@oJtHCNu�uDG�
s�NPmCBEp��iDGmAmnNP@nHCDrJMLvJtm,JM��DGJtHoNP@nB JM��DGFIHCDM� !SmCmnDGm���NiLuDG�ENPm s�NiLuDG� mCD*@�LuD �vFOB�LuNPm�D*� @nDGLuDt�
NPx �ZNP@CJ0LuD�@CD*LuDM�"!S� ��NiLuDG�ENPmyD*� @nDGLuDt�v�GNP��N�HoNiLuNPmy�ixOD�D*mnHoJM@CD*��NPm�Ho@oJeHKJMFuLON FuDGmnmoJ
LuBEmCmCD*@nHoJMprqMNO�ON mCxO�umnHC@oJtHCN 
AmCD*��su@nDAxu��J�@CD*LuD �uBEs�D*@C� �O�uB��GJ�LuDA��JMLuN

L
D�JMmysvJM@nHC���*xu� JMm
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HoD*� HoJM��JMF��uN�xuFuBEH�	M@CBENu� B � xuJM� JMN svJt@��M��D*HC@CN LOD0@CD*LuDM� � xuFuB�LuJMLuD�LOD�HoD*��s�Nu� � DG@CJM��}
��DGFIHoD 
�LOD �vFuBELvJ��*NP��N	xO� J �rJM��JMLvJ LuD�svJM@�Ho���*xu� Jtm�LODGs�NPmCB�HKJMLvJtmG� NPxgmnD 
CJO� DG� xu�
mCxO�umnHC@oJtHCN LuD,HKJM��JMF��ON

L
xO� J�xuFuBELvJMLuD,LuD,HoD*��s�N��*NP@C@nDGmns�NPFOLuD ��LuDGs�NPmnB�prqtN�LuD

Lds

svJM@�Ho�E�Gxu��JMmG�

��� � ��� � ��� !���"�
���! � 	��
������� "��

? ��N�LODG��N<LOD��*@CD*mC�GBE��D*FIHoN LuD�mnxus�DG@ �Z�E�GBEDGm��GNPF��uDG�*B�LuN �GNP��N l DGs�NPmnB�prqtN � ��DrJeHo{P@nB J � l � �

�N���NiLuD*��N�LuB�mn�G@nD*HoN � JMBEm mCB���su�EDGm ��xuD�mnD0s�NiLuD�B���su��D*��D*FIHKJM@*� � D*mCmCD���NiLuDG�ENu�v�rJtLvJ
svJM@�Ho�E�Gxu��J�mCD J � @CD � J`JMN HCNPs�N`LvJ`�GNM��xuFvJ�mCNP@�HoDrJtLvJO�S��xvJM�E�ixODG@0��xuD!mnD 
CJ`N^DGm�HKJMLON^LvJ
�iB �*B�F��vJtFuprJO�O�GNPF��ZNM@C��D�B���xOmnHo@CJMLuN FvJ � � xu@oJ������ ���

�XB � xu@oJ������ ��Q !SmC��xuD*� JbBE��xum�Ho@CJtHoB��PN�LuNb��N�LuD*��N�LuD�LuD*s�NMmCB�pGqMN!JM�EDrJtHC{P@CB�JO� ��� � . � D�w �
@CD*su@CD*mCD*F�HoJM� JMm svJM@�Ho�E�Gxu��JMm � ��. D�w Jts�{Pm mnDG@CD*� J � @nD � JMLuJMmG�

wyNP��NbJbJ � @CD � JMprqMN�LuD�xO� J�svJM@nHC���*xu� J�B�FuLuD*s�D*FuLuD.LvJ mCxuJ��iB �GBEF��vJMFOprJO��NbmCBEmnHCDG��J

 � JtHCDG@oJt����DGFIHoDULODGmC�*NP@C@nDG��JM�GBENPFvJMLuN �

ξ|| = 0
�>Dt���*NPF��ZNP@n��D<LuBEmC�*xOHoBELuN.FuJ�mnDGprqtN ��� �����P��mCD

ξ|| = 0
FuqMN�LOD*�PD �vJr�PD*@XmCJtHoxu@CJMprqtN�LvJ @Cx � NPmCBELvJMLuDSD�FvqMN s�N�LuD*��NMm�LuD �vFOB�@�NPm�D ��s�N�D*F�HCDGm

LvJ @Cx � NPmCBELvJMLuD��
α
�yD�LuBEF �M��B��GN �

z
�UsvJM@CJ DGmCmnD.��NiLuDG�ENu�

� J � � xu@CJ	��� �&" ��NPm�Ho@oJt��NPmAJ	D9�PNP�ExuprqMN!HCDG��s�NP@CJM�>LuD�xu��J!mCxus�DG@ �Z���*B�D su@nN�Lux��GB�LuJ
s�NP@ l � �iwyNP��N�FvqMN ��	,�Oxu@oJM�*NPm�FuN,J � @nD � JtLuNu�PHo@CJtHKJ } mCDyLuD<xu��sO@CNi�GDGmnmCN�LuD<LuD*s�NPmnB�pGqMN
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mC{M��B�LON mCNP�u@nD,mC{P�EB�LuN � �u? �����9�

�XB � xu@oJb��� �&"OQ�! ��DG��su�EN!LuD0D*�MNP��xOprqMN!HoD*��s�NP@CJM�|LOD xu� J�mCxus�DG@ �Z���GBEDM� NM�OHoBELvJ LvJbmnB��0x�}
� JtprqMN0LON���NiLuDG�EN0LuD l � �vD*�

d = 1 + 1
�usuJM@oJ0xu� mCxu�OmnHo@CJtHoN

L = 150
� � mU�tJM@CB�JMp��iDGm

FvJMm �*NP@CD*m sO@CD*HCNt} �*B�F��GJ N��*NP@C@nDG��J �rJtLvJ/�M P  svJMmnmCNPm LuD�HoD*��s�Nu�

z|D*� J.mnB���su��BE�GBELvJMLuDULON���N�LuD*��Nu�IN��tJM��NP@�LuN.D ��s�N�D*F�HCD
β
s�N�LOD�mnDG@y�GJM���*xu� JtLuN,D �OJtHKJ }

��DGFIHoDt��wyNP��N�LOB�mC�*xOHoBE��NMmSJMFIHoD*@CB�NM@C��DGFIHoDt�IFuNPmCmnN�HCDG��s�N 
<LuD �vFuBELuN.�*NP��N
t = N/Lds

�
NPFuLOD

N

 N!F �u��D*@CN!LuD suJM@nHC���GxO� JMm�LuDGs�NPmCB�HKJMLuJMmG� ��D FuNPm��*NPFu�GD*FIHo@oJt��NPm,Jts�D*FvJMmAD*�

xu� mC�EHCB�N
i
LuN mnxu�umnHC@oJtHCNu��J`su@CNP�uJM�uB��EB�LvJtLuD LuD!��xuD D*��D!mCD 
CJ^mCNP@�HoDrJtLuN svJM@oJ^@nDG�GD*��D*@

xu��J svJM@�Ho�E�Gxu��J�

p = 1/Lds

D!J su@nNP�vJM�OB���BELvJMLuD�LuDb��xuD!mnxvJ^JM��Hoxu@CJ�mCD 
CJ
h
��Jts�{Pm�J

LuD*s�NPmnB�pGqMN�LuD
N

svJM@nHC���*xu� JMm*��
,LvJMLuJ�s�DG��J0LuB�m�Ho@CBE�uxuBEprqMN �uBEFuNP��B JM�

P (h, N) =
N !

h!(N − h)!
ph(1 − p)N−h.

� ��� ¡P  �
� 	���
���������������� � /���� �
	����
�B� /��
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wUJM�E�Gxu��JMFuLuN N�su@nB���DGB�@nN D�N�mnD � xOFuLuN���NP��DGFIHCN LuDGmnmoJ�LOB�mnHC@CBE�uxuB�pGqMNu��NP�OHoD*��NMm

〈h〉 =

N
∑

h=1

hP (h, N) = Np = t
� ��� ¡�� �

D
〈

h2
〉

=
N
∑

h=1

h2P (h, N) = Np(1 − p) + N 2p2 = t

(

1 − 1

L

)

+ t2.
� ��� ¡I� �

!SFIHKqMNu�vs�DG��J0DG��xvJMpGqMN!�i� " "��ONP�OHCDG��NPm

W 2(t) = t

(

1 − 1

L

) � ��� ¡ " �

D,LvJ @CD*� JMpGqMN�LuD,DGmC�GJM� J���� ¡0HoD*��NPm
β = 1/2

�
z|NiLuDG��NPm��PDG@nB �v�GJM@���xuD N D ��s�N�D*FIHoD

β = 1/2

 N���D*mC��N D*Fu�GNPFIHC@oJMLuN^FuJ�mCD*prqMN

���#"O��� suJM@oJ"J\DG��xvJMpGqMN�LuD �G@CD*mC�*B���DGFIHoN�JM�EDrJtHC{P@CBENu� l D �kJtHCNu��J"�GJM@oJt�*HoD*@C�EmnHoBE�rJ �ZxuFi}
LvJM��DGFIHoJM�<LuD	JM�0��NPm�NPm���NiLuD*��NPm 
 N �kJtHoN LuD	FvqMN �vJr�PD*@��*NP@C@nDG� Jtp��iDGm�JMN ��NPF � N^LvJ
mCxOs�D*@ �Z���*B�Dt� � mCmnB���J!D*�ixuJMprqMN ��� �*% 
�xu� J!@nDGsu@nDGmCD*FIHKJMpGqMN LuN	��N�LuD*��N l � FuN ��BE��B�HoD
�GNMF�HC��F�xuN0D s�NiLuDG��NPm��GNPFu�*��xuBE@y��xuDAD*mCmnD���NiLuDG�EN.s�DG@�HoDGFO�GD,J0�G��JMmCmnDALuDAxOFuBE�MDG@CmCJM��BELvJMLuD
LuN��G@nDGmn�GB���DGFIHCN JM�EDrJtHC{P@CBENu�

��� � � � � ��� !���"�
���! � 	��
������� "�� ��! 	 ���
	���� ��
 ��!���� � � � ������"���	

? ��NiLuDG�EN�LuD LuDGs�NPmCBEprqMN�JM�EDrJtHC{P@CB�J �GNM� @CD*� J �OJMpGqMN,mCxus�DG@ �Z���GB�JM� �k� l �������;�PHKJM��� 
*���GNe}
F��uD*�GBELuN.�*NP��N���NiLuDG�EN�LuD � JM��B���� 
 � � � � 
 xu� ��N�LuD*��N���JMB�mS@nDrJM�EB�m�HKJO�Ps�NPBEm � 	,HoJM�0� 
G�
LuB �ZxumoqMN�LvJMm<svJM@�Ho�E�Gxu��JMmyLuD*s�NMmCBEHoJMLvJMm*��wyNPF��ZNP@n��D B���xOmnHo@CJMLuN0FuJ � � xu@CJ���� � �u�uJMN�JeHoB�F � B�@
xu� mC��HoBEN

i
LON0mCxu�OmnHo@CJtHoN�J.svJM@nHC���*xu� J,s�NiLuD�LuB �ZxuFOLuB�@�svJM@CJ0J.�*NP��xuFuJ.�iB �GBEF��vJ�LuDA��DGFuNP@

JM��Hoxu@CJO� LuDGmnLuD0��xuD
hi+1 < hi

NPx
hi−1 < hi

� ��D
hi−1 = hi+1 < hi

� J�svJM@�Ho�E�Gxu��J�s�N�LOD
B�@.svJM@CJ`�ixuJM����xuD*@ xu� LONPm0�iB �GBEF��uNPm��GNP� B � xuJM��sO@CNP�vJt�uB��EB�LvJMLODM� !SF��v�	��J`svJM@�Ho���*xu� J
mCD*��sO@CD,mCD,LuD*s�NPmnBEHoJ�FON�����FuBE��N.��Ni�rJM� �
�5	���
������������
	�&�	 ��� *�� ! -��
� /21 /9��	�
 /21���� $%'��
& "#!�	<!
��&�4?& 18/9�
	��
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�XB � xu@oJ.�����&�uQ !�mn��xuDG��J�B��ExumnHC@oJtHCBE�MN.LuN.��NiLuD*��N.� l ����� � m�svJM@nHC���*xu� JMm ��� � . � �uw � D l �
@CD*su@CD*mCD*F�HoJM� � ��.���w D l Jts�{Pm<mnDG@nDG��LuD*s�NPmnBEHoJMLvJMm*�

� xu��J D �iHoD*FumoqMN LuDGmnmCDy��NiLuDG�ENu�eJ svJt@nHo�E�Gxu��J<s�NiLuD�HoDG@ xu� �*NP��sO@CB���DGFIHCN LOD�LuB �ZxumoqtN
��JMB�NP@*�OD,LuB �ZxuFuLuBE@ JtH�
,xu��J LuB�m�H��MFu�*B J ��	 ��B���J

m
� LuDGmnLuD.��xuD.J�JM�EHCxu@oJ0LuN�FuN �PN�mC��HoB�N

�iB �*B�F��uN�mCD 
CJ.��DGFuNM@���xuD J.LuN�mC��HoBEN�JtHCxvJM� �>� JtmyNPm�D ��s�N�D*F�HCDGm�LuD D*mC�rJt� J,LuDGmnmCDA��N�LODG��N
B�FOLuDGs�DGFuLODG� LuN��tJM��NM@ULuD

m
�vD � DG@CJM����DGFIHoD 
�xOmoJMLuN

m = 1
�

wyNP��N JMm�svJM@�Ho���*xu� Jtm mCD LODGs�NPmCB�HKJM� xu� JtmAmCNP�O@CD�JMm�NPx�Ho@oJtmG� N	J � @nD � JtLuN �ZNP@C��JMLuN

 �O? ���S? su@CNi�GD*mCmnN^LuD LuB �ZxumoqtN B�FIHC@CNiLux�� xO� J	�GNP@n@CDG��JMprqtN`� JtHCDG@CJM�SFuN`mnB�mnHCDG��JO�>s�NPB�m
JgJt�EHoxO@oJ LuD xu��J �GNP�ExuFvJ LODGs�DGFuLuD LvJMm�JM�EHCxu@oJMm�LuD�mCDGxOm��iB �*B�F��uNMm�Dt� JMmCmnB��	��HoD*��NMm
moJeHoxu@CJMprqMN�LvJ�@nx � NPmnB�LvJtLuDM�<z NP@ mCDG@�xu����N�LuD*��N���JMB�m �GNM��su�ED ��Nu��J�� l ��� FvqtN�s�N�LOD
mCD*@�@CDGmnNP�E�iBELvJ,JMFvJM�EBEHoBE�rJM��DGFIHCDU�GNP��N�J l � � � m�su@CBE��D*B�@CJMm>mCBE�0xu��JMp��iDGmS�*NP��sOxOHKJM�*B�NPFuJMB�m
DG�

d = 1+1
LuB���DGFOm �iDGm 
 �*� � @CD*mCxu��HKJM@CJM� FuNPm�D ��s�N�D*FIHoDGm�LuD DGmC�GJM� J

α = 0.48±0.02
D

β = 0.24± 0.01
�>� D*�GDGFIHCDG��DGFIHoDt�uNPm���D*mC��NPm�D���s�NiDGFIHoD*mULvJ��G� JtmCmCD�! ( DG�

d = 1+1

D
d = 2 + 1

�ZNP@CJM� NP��HoB�LONPm<�GNP� ��NIJ su@nDG�*B�moqtN 
 � �����I¡ � �
wyNP��N	�iB���NPm,FvJ	mCDGpGqMN ���#"O� ���|J�DG��xvJtprqMN ! ( 
��rJt@oJM�9HoDG@nB �GJMLvJ�s�NP@,xu��J	HCDGFumCqMN

mCxOs�D*@ �v�*B JM� �|su@nN�LOx��GBELvJ	s�DG�EN���JMsu��JM�GB�JMFuNu� ��xuD�HoD*FuLuD LOB�mnHC@CBE�uxuB�@,Jtm �vx�HoxvJMp���D*m.LuJ�mCxi}
s�DG@ �Z�E�GBEDM��? su@CNi�GD*mCmnN�LOD�LuB �ZxumCqMN0LuN ��NiLuDG�EN � l �O� HCDG� D*mnHCD�svJMs�DG� FvJ0@nDG��J �OJMprqMN�LvJ
mCxOs�D*@ �Z���*B�Dt� !SF��v�	���GNP��N!N ��D*�rJMFuBEmC��NbLuD�@CD*� J �OJMpGqMN 
�JMF 	M�EN � NbD NMm�D���s�NiDGFIHoD*m.LOD
DGmn�rJM��J �GNPBEFu�GBELuDG�	�Os�N�LODG��NPm<�GNPFO�G��xOB�@<��xuD,N���NiLuDG�EN � l �O� DGm�H 	�FvJ �G� JtmCmCD�! ((�
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? ��N�LODG��N LuD	�G@nDGmn�GB���DGFIHCNg�GNMF��uDG�*B�LuN �GNP��N LuDGs�NPmnB�prqtN �vJt����m�HoBE�rJ � l . � �ZNPB<BEFuB��*B JM� }
��DGFIHoD�B�FIHo@nN�Lux��GB�LON�svJM@CJ�N0D*mnHoxOLuN LuD�J � @CD � JMLuNPm��GNP�ENPB�LvJtB�m 
 � ���'� 
 ��DAs�NMmnHoD*@CBENP@C��DGFIHoD
J,�GB�F�
*HoBE�rJ,LuD mCxvJ�mCxus�DG@ �Z���GBED<HKJM�0� 
G��mCD�HCNP@CFONPx�NM� 
nD*HCN�LuD DGm�HoxuLuN 
 � � � � DGmCmnD ��N�LODG��N
xu��J�svJt@nHo�E�Gxu��JO�|JMN � �uD � JM@0FuJ�mCxOs�D*@ �Z���*B�Dt�>�GNP��J	FON`mCD*x\su@CBE��D*B�@CN �*NPFIHKJtHCN`�GNP� D*mnHKJ��
��DGmC��N!��xuD�DGmnmCD��GNPFIHKJeHoN mCD 
CJ ��JtHoD*@oJM� � !S� NPxOHo@CJMm�svJM��Jr��@CJMmG��J JM��Hoxu@CJbLvJ!svJM@�Ho���*xu� J
mCD*@�	`B � xvJM��J ��JMB�NP@,D*F�HC@CD J LOD!mCDGxOm LuNPB�m.su@CBE��D*B�@nNPm���B �GBEF��uNPm0NMx\J`LvJ mnxvJ`su@C{Msu@CB�J
s�NPmCBEprqMN�JM�*@CD*mC�GBELvJ�LuD,xu� J xuFOB�LvJMLOD �Z�PD*@ � � xu@oJ������ � �;�

�XB � xu@oJ.����� ��Q !�mn��xuDG��J0B��ExumnHC@oJtHCBE�PN,LuN���NiLuDG�EN.LOD l . � � m�svJM@�Ho���*xu� Jtm ��� � . � �Ow � D l �
@CD*su@CD*mCD*F�HoJM� � ��.���w D l Jts�{Pm<mnD�J � @CD � JM@nDG�	�

wyNP��N.��NPmnHC@oJMLON�FuJ�� � xO@oJ.��� �r¡O�IN.��DG�GJMFuBEmC��N�LOD J � @CD � JMprqMN�� JeHoDG@CJM���kJ�� �*NP� ��xuD
N0J � @CD � JMLuN �ZNP@C��JMLuN�s�NP@ l .�mCD 
CJ.s�NP@CNPmnN�D �GNP� @nDGDGFIHC@��MFu�*B JMm�� JtHCDG@CJMB�mSFvJ.mCxus�DG@ �Z���GBEDM�
�ZNP@n� JMLuJMm�s�NM@�svJM@nHC���*xu� JMm�mnxumCs�DGFOmoJMm*�Ps�NM@nHKJtF�HCN DGmCmnDy��N�LODG��N<FuqMN 
 �u? ���ewy��JM@oJt��D*F�HCD�J
J � @nD � JtprqMN,� JeHoDG@CJM�uBEF�HC@CNiLux�� xu��J��GNP@n@CDG��JMprqtN���JtHoD*@oJM�OFuN.mnB�m�HoDG��J���xuD��ED*�tJ ��mCJtHoxO@oJMpGqMN
LvJ @Cx � NPmCBELvJMLuDt�

� FvJt��N � Jt��D*F�HCDAJMN���NiLuDG�EN0� l �O�,�uJ l .�HKJM�0� 
G�8FvqMN�s�NiLuDAmnDG@U@nDGmCNM�E�iB�LvJ�JMFvJM�EB�}
HoBE�rJM��DGFIHCDM� ��BE�0xu��JMp��iDGm�@CD*�GD*F�HCDGm�
 ��
 ��DG�

d = 1+1
mnx � D*@CDG�8NPm�mCD � xuB�FIHoD*myD��Os�NiDGFIHoD*m
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�XB � xu@oJ ����� ¡OQ !S�MNP��xOprqMNAHCDG��s�NP@CJM�iLuDUxu��J � @CD � JMLuN su@CNiLux��*B�LuNAs�NP@ l . �MD*�
d = 1+1

�
svJM@CJgxu� mCxu�OmnHo@CJtHoN"LuD�HKJM��JMF��uN

L = 250
� � m �tJM@CB�JMp��iDGm�FvJMmb�*NP@CD*m!su@CD9HoNt} �GB�F��rJ

Ni�GNP@n@CDG� J��GJMLvJ/�M P M �suJMmCmnNPm LuD�HCDG��s�NO�

LuD,DGmn�rJM��J svJM@oJ D*mCmCD���N�LuD*��N

α ≈ 0.50
D

β ≈ 0.33.
� ��� ¡*� �

!S�
d = 2 + 1

N ��N�LuD*��N JMsO@CDGmnDGFIHKJ	�GNP@n@CD*p��iDGm,LuD�DGmn�rJM��J	�0xOBEHoN �ZNM@nHoD*m 
 ��
i� �*% ����xuD
��JMmC�GJM@oJM� N �MJt��NP@yJMmCmnB�FIHo{MHCB��*N�LON�D���s�NiDGFIHoD,LuD,�*@CDGmn�GBE��D*F�HCN

β
��z|JM@oJ�N�D ��s�N�D*F�HCD,LvJ

@Cx � NPmCBELvJMLuDt�uDGm�HoBE� JtHCBE�tJMmUF�xu� 
G@nB��GJMm JMs�NPFIHKJM�
α ≈ 0.38


+� �M� �M¡ � �
? su@nN��*DGmCmnN�LuD J � @nD � JtprqMN"� JeHoDG@CJM�ALuN���N�LuD*��N\LuD l . su@CNiLux�� xu� D ���GD*mCmCN LOD

�PD*��Ni�GBELvJMLuD�FvJ mnxus�D*@ �Z�E�GB�D.s�NMB�mG��JMN��GNP��JM@���JtHoD*@oJM�E��D*FIHoD,DG� xu��J��GNM��xuFvJ��
i ± 1

� ��JMBEm
JM��HKJ,�ixODAJ.LOD B�FO�GB�L &GFu�*B J��k�GNM��xuFvJ

i
�;��xu��J.suJM@nHC���GxO� J�LuD�HoJM��JMF��uN.xuFuBEH�	M@CBEN,��D*�tJ�J�xu�

B�FO�G@CD*��D*FIHoN
(hi±1 − hi) > 1

FvJ!Jt�EHoxO@oJ LvJb�*NP��xOFvJO� NPx^mnD 
CJO��J��PDG�EN��*B�LvJtLuD0� 
GLuB�J LvJ
mCxOs�D*@ �Z���*B�D 
,��JMB�NP@���xuD.N �vx �ON

F
LuD,svJt@nHo�E�Gxu��JMmULuD*s�NMmCBEHoJMLvJMm*�

wyNP��N��iB���NPm�JMFIHCDG@CBENP@C��DGFIHCDM��FvJ.mnxu�umnDGprqtN����#"O� "��I�G@CD*mC�*B���DGFIHoN.FvJ�LOB�@CD*prqMN�LvJ�FuNP@�}
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��JM�S��Ni�rJM�SD�xu� �GNPFOmCDG���uD*FIHoD!D ���*DGmCmnN LuD��MDG�EN��*B�LvJMLOD�LvJ�mCxus�DG@ �Z���GBED�moqMN^Jtm.�GJM@oJM�9HoD;}
@C�EmnHCB��rJtm��ZxuFOLvJM��DGFIHKJMBEm.LuJ	HoD*NP@CB�J�LuD �,JM@CLvJt@G�>z|JM@CBEmCB�D � �vJtF � 
+"P¡ � � � � 
*��LuB�mnmCNu�>NMm
D ��s�N�D*FIHoDGm,LuD D*mC�GJM� J!DGFO�GNPFIHo@CJMLuNPm�suJM@oJ J l . �GNMFu�GNP@nLvJM� �0xuBEHCNb��DG� �*NP�
Jt�ixODG��D*m
NP�OHCB�LuNMm|�*NP� J�DG��xvJtprqMN �,z��X� � mCmCN FuNPmX�ED*�tJ J �GNPFO�G��xOB�@ �ixODUN ��N�LODG��N LuD l .gs�DG@nHCDGFu�*D
J �G��JMmCmnD�LOD�xOFuBE�MDG@CmCJM��BELvJMLuD �,z��X�

��� � ��� � !����
	�! ��� � � �
�#��"
	 ��� ��!����
� � � "���!

?���NiLuDG�EN`LuD �G@nDGmn�GB���DGFIHCN @nDGm�Ho@CB�HoN �k� �u? ������su@CNPs�NPm�HoN^s�NP@ ��B�� D ��NPm�HoDG@n��B�H�� 
 �-� �

�xu�
��N�LODG��N!�*NP� @nDG�*xumoJ	LuD�J � @CD � JMpGqMN LuD�svJM@nHC���*xu� JMm*��s�NMB�m�J LuB �ZD*@CD*FuprJ!LuD�JM��Hoxu@CJ
��	 ��B���J.DGFIHC@CD�su@nB���DGB�@nNPm��iB �GB�F��uNPmUFvqtN s�NiLuDAxu��Ho@CJMsvJMmnmoJM@UxO� LuD9HoDG@n��BEFvJMLuN0�tJM�ENP@

m
�

wyNP��NbB��ExumnHC@oJMLON�FvJ � � xu@oJb��� �$��� svJt@oJ Nb�GJMmCN
m = 1

� moqMNbJM�GD*BEHKJtm svJM@CJbJ LuD*s�NMmCB�pGqMN
JMs�DGFvJtm,JM��xuDG��JMmAHoD*F�HoJtHoB��tJMm�DG�
��xuD�JbLuB �ZDG@nDGFupGJ LOD�Jt�EHoxO@oJMm |∆h| D*FIHo@CD�Jb�*NP��xuFuJ LOD
LuD*s�NPmnB�pGqMN0D mnDGxum<sO@CB���DGBE@CNPmS�iB �*B�F��ONPmymnD 
CJ0��DGFuNP@�NPxbB � xvJM��J � �kxu� ��JMs�{PmyJ�svJM@�Ho���*xu� J
mCD*@�LuD*s�NMmCBEHoJMLvJ � |∆h| ≤ 1

�;�	?8�tJM��NP@,LuD
m

FvqMN�JM��HoDG@CJ	NMm.D��Os�NiDGFIHoD*m0LuD�DGmC�GJM� J	LuN
��N�LuD*��N D � D*@oJM�E��D*FIHoD 
�HoNP��JMLuN �*NP��N

m = 1
�

�XB � xu@oJ������ ��Q !SmC��xuD*� J�B��ExumnHC@oJtHCBE�PN LON���N�LODG��N����u? ��� � m svJM@�Ho�E�Gxu��JMm ��� D l � @CD*su@CD;}
mCD*FIHKJM� � D l Jts�{Pm mCDG@nDG��J � @CD � JMLvJMm*� � mAHoD*FIHKJtHCBE�tJMm�LuD LuD*s�NMmCB�pGqMN!LvJMm svJM@nHC���*xu� JMm
. D.w moqtN�@nD 
nDGB�HKJMLuJMmG�

� 	���
������������
	�! � 1 ' /9"�1 ! � �0� �>/��
� �
	�� �0�B� /�� 6��������! "�$#�� �&%(')#

+*%���(� ��
 ��'".�� � 0(.��/#
�-����� �2*2'5�����	�,6
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wyNP��N`N^su@C{Msu@CBEN FuNP��Dbmnx � DG@nD!DGmnmCD!��N�LuD*��N�
 �u? ���>� � D���DG��su��N^LuD D*�PNM��xupGqMN
HoD*��s�NP@CJM��LOD xO� LuD*s�{PmnBEHCN �ZNPBAJMsO@CDGmnDGFIHKJtLuN FuJ � � xu@CJ �i� � �ZmCxu�umnDGpGqMN��i� ����� �;����DG�
�GNM��N.D ��DG��su��NMmyLuDA�*xu@n�tJMmyLvJ�@Cx � NPmCBELvJMLuD DG� �ZxuFupGqMN0LuN.HoDG��s�N���� � xu@oJMmU���#"�D����+� ��D
LvJ�@nx � NPmnB�LvJtLuD �EN��GJM�vDG� �ZxuFupGqMN0LuN�HoJM��JMF��uN.LvJ 
CJMFuD*� J ��� � �S��� ¡.LvJ�mCxO�umCD*prqMN���� ��� � �9�

��B���xu� JMp���D*m�F�xu��
*@CBE�rJMm�LuN Ho@oJt�vJM� �ON�NP@nB � BEFvJM�|LuD ��BE�
D � NPmnHCDG@n��BEH � 
 �-� ��DG�
d =

1 + 1
mnx � D*@CDG��NMm D���s�NiDGFIHoD*m�LOD�D*mC�GJM� J

α ≈ 0.50
D

β ≈ 0.33,
� ��� ¡�� �

D,DG�
d = 2 + 1

�ZNPB NP�OHCB�LuN

α ≈ 0.40
D

β ≈ 0.25,
� ��� ¡P¡ �

DG� ��NP� JM�GNM@CLuN��GNP� NPm<D ��s�N�D*F�HCDGm��rJM@CJM�*HCDG@C�EmnHCB��GNMm<LvJ �G� JtmCmCD �,z��X�
� FvJt��N � Jt��D*F�HCD�JMN ��N�LODG��N�LuD l . ��N���NiLuDG�EN ���u? � HoJM�0� 
G� JMsu@nDGmnDGFIHKJ xO� D���}

�GD*mCmnN�LuD �MDG��Ni�GBELvJMLuDt� ��JMm�FuDGmnmCD��rJMmnN DGmCmnD�D����GDGmnmCN�mCD LuD9�PD�J @nDG�*xumoJ LuD svJM@�Ho�E�Gxu��JMmG�
� �ixuJMFIHoB�LuJMLuD�LOD.svJt@nHo�E�Gxu��JMm LuDGs�NPmnBEHKJtLvJMm 
���DGFuNP@ ��xuD�J���xvJMFIHoBELvJMLuD.LuD�svJM@nHC���*xu� JMm
��xuD � �OD � JM� JMN	mCxO�umnHC@oJtHCNu�>��N � N	J	�PD*��Ni�GBELvJMLuD�� 
GLuB�J	LvJ	mCxus�DG@ �Z���*B�D 
 ��DGFuNM@���xuD�N
�vx ��N

F
LuD�svJM@�Ho���*xu� Jtm.D�HoDG��NPm�xu� D ���GD*mCmnN LOD��PD*��Ni�GBELvJMLuD�FuD � JtHoB��PNu� � N`BEF���
Gm0LOD

xu���G@CD*mC�*B���DGFIHoN,� JeHoDG@CJM��HCDG��NPmSxu��JA@CD*�GxumCJ�LuD<�*@CD*mC�GBE��D*FIHoN,� JtHCDG@CJM� �t� JMmXLuD �ixuJM����xuD*@
�ZNP@n� J�JbLuDGs�NPmCBEprqMN LuD0xu��J svJM@�Ho�E�Gxu��J�LuD*s�D*FuLuD LuBE@CD*HoJM��DGFIHoD0LuJbFuNP@C��JM����Ni�rJt� �ZFuNP@�}
��JM�OBEFu�G�EB�FvJMLuJ � D*@oJM�E��D*F�HCDUB���su�EB��rJ DG��@CDG�*xumoJ,LvJ HCDGFIHKJtHCBE�tJALuD<LuD*s�NMmCB�pGqMN �;�Sz|NP@SD*mCmCJMm
�rJt@oJM�9HoDG@n��m�HoB��GJMm�LuN0��N�LuD*��N.� �O? ��D s�DG��NMm��tJM��NM@CDGm�LuNPm�D ��s�N�D*F�HCDGm<LuD�DGmn�rJM��J�s�NiLuD*��NPm
�GNMFu�G�ExuB�@��ixOD0DGm�HoD DGm�H 	bFvJb�*� JMmnmCD �,z��X��wyNM��NbD*mCmnD ��NiLuDG�ENbJMsO@CDGmnDGFIHKJ!�*NP@C@nDGp��iDGm�LOD
DGmn�rJM��J ��xuBEHCN �Z@CJM�rJtm 
 �-� � �tD*��D 
�N ��N�LuD*��N ��JMB�m�@nDGsu@nDGmCD*FIHKJtHCBE�PN LuDGmnmoJ �*� JMmnmCDM�tD 
��0xuB�HKJMm
�PD��GD*m xumCJMLuN��GNP��N xu� svJtLu@oqMN�svJt@oJ�J��*NP��svJM@oJtprqMN �*NP� NPxOHC@CNPm<��NiLuDG�ENPmG�
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� & 5 1 �!7 � ).3!-.1 )����^5U=|' � 5 ��� ),'G1��	),=X)�� ���^5U=�����+y'95 1 +y- �
� = ��-.1

����J��tJM@nB�DGLuJMLuDULuDysu@CNi�GD*mCmCNMm�D���s�D*@CB���DGFIHoJMB�m HKJMBEmX�GNM��N�D*��D*HC@CNiLuDGs�NPmnB�prqtNu�M�*NP@C@nNPmoqMN�LOD
DGm�Ho@nxOHoxu@CJMm �*@CBEmnHKJt��B�FuJMmG�uLODGs�NPmCBEprqMN�s�NM@ @ �>mnsuxOHCHCDG@nB�F � � D*F�HC@CD.NPxOHo@CJMmG� s�N�LODG��su@nN�Lux��GB�@
mCxOs�D*@ �Z���*B�D*m �ZNP@C��JMLvJMm�s�NP@ � @oqMNPm*��NPx"mCD 
CJ���s�DG��xuD*FuNPm�LuNP����FuBENPm�LuJ Jt��NPm�Ho@CJ`�ixOD	mnD
�rJt@oJM�9HoDG@nB �GJM� s�NP@<HoD*@�J �ZNP@n� J0LOD���NPFIHoD*m �ixODM� � DG@CJM����DGFIHCDM�OH &G� NP@nB�D*F�HoJMp��iDGm �*@CB�m�HKJe}
��N � @�	 �u�rJMm�LuB �ZDG@CD*FIHoDGm*� � @n@oJMF

nNMm�LuD*mCmnDGm � @CqMNPm�FvJ.mnxus�D*@ �Z�E�GB�D su@nN�Lux��GDG� xu��J,B�FIHoD*@ �kJM�*D
�ZNP@n� JMLuJ�s�NP@0DGm�Ho@nxOHoxu@CJMm �GNM��N �tJM�EDGm0D ��NP@n@CNPm �Z�MDG@ � � xO@oJMm��i� �%
��������$%`D ��� �M  �;� �
�ZNP@n� JMpGqMN�LODGmnHCDGm � @CqMNPmG�is�NP@UmCxuJ��PD��t�us�N�LuD LuDGs�DGFuLODG@<LuD���DG�GJMFuB�mn��NMm���B��*@CNPmn�G{PsuBE�GNPm
�vJMm�HKJMFIHCD �*NP��su��BE�rJMLuNMmG�P��xuD DGm�HKqMN�@CD*� JM�*B�NPFvJtLuNPm �Mm�su@nNPsu@nB�DGLuJMLuDGm�LuN,��JtHoD*@CB�JM�OLuD*s�NMmCB�}
HKJtLuNu�iLvJMmy�*NPFuLuBEp��iDGm�LuD F�xu�*��DrJtprqMNu��DGF��u����� 	M@CBENPm�sO@CNi�GDGmnmCNPmys�NiLuDG� mnDG@y@nDGmns�NPFOm�	r�PD*B�m
s�DG� J �ZNP@n� JMpGqMN	LuD � @oqMNPm�F�xu� �v����D �vFuNu� � � � xuFOm.��N�LODG��NMm,HCDG{P@nB��*NPm,svJM@oJ	N �*@CDGmn�GB }
��DGFIHoN,LuD �v�E��D*m>s�NP��BE�G@CBEmnHoJM��BEFuNPm���NMmnHo@CJM@oJt��J��ZNP@n� JtprqMN�LuD � @oqMNPm 
 �P����� �P���t  � ��wyNP��N
FvqMN�DGm�HKJM��NPm B�FIHCDG@CD*mCmCJMLuNPm�DG����N�LuD*� JM@yNPm���DG�GJMFuBEmC��NPm<LuD �ZNP@C��JMprqtN LuD � @oqMNPm*� � JMm
mCBE��sO��DGmn��D*FIHoD DGm�HoxuLvJt@ NPm�D �ZDGB�HoNPm�LuD*mnHoD*mbFvJ DGmC�GJM� J LvJ @nx � NPmnB�LvJtLuDM�UFuqMNgLuBEmC�*xOHoBE@CD9}
��NPm�JM��xuB�LuD*HoJM� �uD*m.LONPm,��D*�rJMFuBEmC��NPm,LuD��G@CD*mC�*B���DGFIHoNu� ��JMm�JMsu@CD*mCD*F�HoJM@CD*��NMm0JMs�DGFvJtm
NPm @CD*mCxu��HKJMLONPm<NP�OHCB�LuNPm<suJM@oJ�J�DGmC�GJM� J LvJ @nx � NPmnB�LvJMLODM�

����J��rJM@CJM�*HCDG@C�EmnHCB��rJ��*NP�0xu� J�HoNiLuNPmSNMm�HC@oJM�uJM� �uNMmS�ixOD�mnDG@oqtN�JMsO@CDGmnDGFIHKJtLuNPm�JM��xuB�

J su@CD*mCDGFOprJ LuD�xu� �����������
	���� FvJ DGmC�GJM� J LvJ @Cx � NMmCB�LuJMLuD���Ni�rJM� � �GNP��N LuB�mn�GxOHCB�LuN FvJ mCDGpGqMN
��� ���#"O�S��xuD � DG@CJM����DGFIHCD Ni�GNP@n@CDbD*� xu� HKJM��JMF��ON LuD 
CJMFODG� J�LvJ`NP@CLODG� LuN`HKJM��JMF��ON
� 
GLuBEN LuNPm � @oqtNPm<LvJ�mCxus�DG@ �Z���GBEDM�

� JbLuD*s�NMmCB�pGqMN!LuD { ��B�LuN!LOD �GB�FO�GN � � Fv?�� s�NP@ suxu�E�MDG@nB �rJtprqMNbsOB�@CNM���EHCB��GJ�� � � ����� �����
����# � � � � �;��!S��NMH���
 D*H<Jt� 
 � ��NP�umCD*@n�tJM@CJM� LONPB�m��GNP��s�NP@nHoJM��D*FIHoNPm�svJM@CJ0J�DGmn�rJM��J�LvJ�@nx � Nt}
mCBELvJMLuDtQ�suJM@oJ HKJ �OJMm LuD�LuD*s�NPmnB�pGqMN�s�DG��xuD*FvJMm J�@nx � NPmnB�LvJMLOD�D*mC�GJM� J��GNP� xu��D ��s�N�D*F�HCD
LvJ�@Cx � NMmCB�LuJMLuD

α ≈ 0.40
��xuD��ZNPB JMmCmnN��*B JMLON ���G� JtmCmCD �,z � � �*NP��NbJMxO��D*F�HCN LvJ�HKJ �OJ
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LuD0LODGs�NPmCBEprqMNbxO� �����������
	���� �ZNPB NP�umCD*@n�tJMLuN!LOD0xu� D ��s�NiDGFIHCD
α1

����xuD�JMxu��DGFIHKJ��GNP�
J HoJ �OJ�LuD`LuD*s�NPmnB�pGqMNu�<svJM@CJgxu� D ��s�N�D*F�HCD

α2 ≈ 0.16
� �GNP��Ng��NPmnHC@oJMLON�FvJ � � xu@oJ

�����%
 �kJ �9� � HKJM��DG��J ������JMsu@nDGmnDGFIHKJ NPmy�tJM�ENP@CD*myLuNMmUD ��s�N�D*F�HCDGm<��DGLuBELuNPm�svJM@oJ.�rJMLvJ�HoJ �OJ
LuD�LuDGs�NPmCBEprqMNO��? D �ZD*BEHoN.LuD �����������
	���� �ZNPB�JMmnmCNi�GB�JMLuN ��DGmn�rJM��J�JMF �M� JM��J�LvJ.@nx � NPmnB�LvJMLOD

+"��P��"I� � � � J � � xu@oJ �����%
���NPmnHC@oJM��NPm B���J � D*Fum svJM@CJ�s�DG��xuDGFuJMm �k� � D � @oJMFOLuDGm �k� �<HKJe}
�OJMm�LOD LuD*s�NPmnB�pGqMNu� � DGm�HKJ��O�EHoBE� J!mnBEHoxuJMprqMNO� 
 ��JMBEm.JtsvJM@CD*FIHoDbJ��ZNP@C��J � @oJMF�xu��JM@,LvJ
mCxOs�D*@ �Z���*B�Dt�P�GNP� � @oJtFuLuDGmSLOB �ZDG@nDGFupGJMmSLuD JM��Hoxu@CJMm>�EN��GJMB�m|DGFIHo@nD � @oqMNPmXD J��ZNP@C��J �kJM�*D*HKJtLvJ
LuD*mnHoD*mG��z N�LuD*��NMm�FuNMHKJt@�FvJbHKJM��DG��J ��� � ��xuD�N!HKJt� JMF��uN!LuD�
CJMFuD*� JbD*�
��xuD�N��*NP@C@nD0N
�����������
	���� � L0

� 
.xu� s�NPxO�GN ��JMBENP@ LuNb��xuD0N HoJM��JMF��uN���
*LuB�N�LuN � @CqMN 〈d〉 � ��JMm LvJ
��DGmC��J NP@nLuDG� LuD � @oJMFuLOD��rJ�� 〈d〉 
b��DGLuBELuN`�GNM� xu� Ho@CJtHKJt��D*F�HCN`LvJ`BE� J � DG����xuD
B�mnNP� J Jtm<su@CNMHCxu��DG@��tFu�GB�JMm LvJ mCxus�DG@ �Z���GBEDM�

�XB � xu@oJ������%
OQ J � ��JM@CB�JMprqtN LvJ @nx � NPmnB�LvJtLuD.�EN��GJM���GNP� N HoJM� JtF��uN�LuD 
CJMFuD*� JO��svJM@CJ xu�
�v�E��D�LuD�DGmns�D*mCmCxO@oJ �

µ
� D�xO� J�HoJ �OJ0LuD�LuDGs�NPmnB�prqtN

f
" �i� ��������B�F

−1
� � � J � DGFum<LOD

� �>� suJM@oJ!JMmAHoJ �OJMmGQ����
f
" �b��� ��B�F

−1 � � � f " �i� � ���X��B�F
−1
� �XB � xu@oJtmA@CD9HoB�@CJMLvJMm

LvJ @CD �~� 
 � � �9�

� J DG�ED*Ho@nN�LODGs�NPmCBEprqMN!LuD��EB � JMm �uB�F 	t@CB JtmALuD � B } � F � �ZD*BEHKJ!s�NP@ � B�JMFuD D !S��NtH���
 
+" � �
HKJt�0� 
*� �ZNPBXNP�umCD*@n�tJMLvJ xu��JbLuDGs�DGFOL'&GFu�*B J LvJ �ZNP@C��JbLuN � @CqMN �GNP��Jb�MDG��Ni�GBELvJMLuD LOD
LuD*s�NPmnB�pGqMNu� � J � � xO@oJ �����$%b��NPmnHC@oJM��NPm mnxus�DG@ �Z�E�GBEDGmANP��HoB�LuJMmAsvJM@CJbLuxvJMmA�MDG�EN��*B�LvJMLODGmG�
mCD*FuLuN���xuD,DG� �kJ �ys�NiLuD*��NPmyNP�umCD*@n�tJM@ xu��J �vxOHoxuJMprqMN�LuD�JM��Hoxu@CJMmU��JMB�NM@y��xuD,DG� �Z���9�
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�|JM��D*� J	�����PQ ��JM@CB�JMprqtN	LOD�Jt� � xuFOm�suJM@��M��D*HC@CNPm�LuJ	mnxus�D*@ �Z�E�GB�D�LuD � F ? DG� �ZxuFupGqMN	LvJ
HKJ �uJ LuD,LuD*s�NMmCB�pGqMN��k@nD*HoBE@oJMLuJ�LuJ�@nD �~� 
 � � �;�

?Am�D���s�NiDGFIHoD*m LvJ�@Cx � NPmCBELvJMLuD�NP�OHCB�LuNPm FuD*mCmnDGmALuNMB�m �rJMmnNPm mCqMN�� J �
α1 = 0.97 ± 0.01

D
�k� �

α1 = 0.83 ± 0.02
��?�D��Os�NiDGFIHoD

α2

FuqMN �ZNMB ��D*FumCxO@oJMLuN�FuD*mCmnD.Ho@CJM�vJM� �uNu�

�XB � xu@oJ0��� �&%OQ � ��J � DGFOmUNP�OHCB�LvJMmys�NP@ � �S�
LuD�mnxus�D*@ �Z�E�GB�D*mULuD�D*��D*HC@CNiLuDGs�{PmnBEHoNMmULuD���B � JMm
LuD � B�} � F�svJM@oJ�JtmX�PD*��Ni�GB�LuJMLuDGmSLOD<�G@CD*mC�*B���DGFIHoNuQ|J �

v = 0.16 µ
� �em � ��� v = 0.44 µ

� �tm
�k@nD*HCB�@oJtLvJ0LvJ�@CD �~� 
+" � �9�

��� Jtxu��D*FIHoN,LuN�D ��s�NiDGFIHCD
α1

�GNP� N�HoJM� JtF��uN,LuN � @oqtNu�INPx�mCD 
CJO���GNP� N�JMxO��D*F�HCN
FvJMm �vx�HoxvJMp���D*m�LOD Jt�EHoxO@oJMm*��HKJt�0� 
*� �ZNPBANM�umCD*@n�tJMLuN�FuN��G@CD*mC�*B���DGFIHoN��rJM��JMLvJ } s�NP@�}
�rJt� JMLuJ LuD �v�E��D*m�LuD s�NP��� � JM�E���i� JM��B�FOD ����LO@CNi� �u��NP@nB�LuD � 
 �&� � �>�tJM@CB�JMFuLuN`FON^B�FIHoD*@n�tJM��N

0.53 < α1 < 0.81
��?�D ��s�N�D*FIHoD

α2

D*Fu�GNMF�HC@oJMLON�FuD*mCmnD.Ho@CJM�vJM� �uN �ZNPB
α2 ≈ 0.4

�v��xuD �ZNPB
JMmnmCNi�GB JtLuN ���*� JMmnmCD �,z��X�

� J�LuDGs�NPmnB�prqtN�s�NP@<@ �XmnsuxOHCHCDG@nB�F � LuD,N ��B�LuN�LuD,Fu�E�ixODG� � B ?
x

� wy@nx��.D9H JM� 
 � ��NP�umnDG@~}
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�tJM@oJt� LuxvJMm��GNPF �ZNP@C��JMp��iDGm LuD.B�FIHoD*@ �kJM�*DGm �tJM@CB�JMFuLuN�N �ux ��N LuD.N ��B � &GFuBEN�FuN su@nN��*DGmnmCN
LuD LuDGs�NPmnB�prqtNu� � J � � xu@CJ��i� �M ,��NPmnHC@oJM��NPm�mCxus�DG@ �Z���*B�DGm�NP��HoB�LuJMm�FuDGmnmoJMmULOxvJMm�mCBEHCxvJMp���D*m
D s�NiLuD*��NPm�NP�OmCDG@��tJM@��ixOD J,DGm�Ho@Cx�Hoxu@CJ � @CJMF�xu� JM@ 
 ��JMB�m�JtsvJM@CD*FIHoD DG� �k� �9� � N �tJM��DGFIHCD
�ZNPB D*Fu�GNMF�HC@oJMLON�xu� D ��s�NiDGFIHCD

α1

��JMBENP@UFuD*mCmCD��rJtmCNuQ
α1 = 0.70

�uD*Fu��xvJMFIHoN
α1 = 0.52

DG� � J �;� � s�{Pm�N �����������
	���� �ZNP@oJt� NP�OHCB�LuNMm NMm D���s�NiDGFIHoD*m
α2 = 0.19

DG� �kJ � D
α2 = 0.32

DG� �k���;�

�XB � xu@oJ���� �M OQ � ��J � D*FumyNP��HoB�LuJMmys�NP@ � �S� LuDAmnxus�DG@ �Z�E�GBEDGmULuD LuDGs�NPmCB�HoNPmyLuD � B ?
x

svJM@CJ
NPm �ux ��NPm,LuD0N ��B � &*FuB�NuQ�J �

f = 2.0
mC�*� �t��B�F � ��� f = 4.0

mC�*� �t��B�F � � Jt�EHoxO@oJ LuD*mCmCJMm
JM��NPmnHC@oJMm<mCqMN�J � �$� D,��� � � FO��� �Z@CD*HCB�@CJMLvJ LvJ @CD �~� 
 � � �9�

l NMHnHoN!D����EDGB�F�	MD 
 �$" �XNP�umnDG@n�tJM@CJM� D ��s�N�D*F�HCDGm
α1 ≈ 0.8

D
α2 ≈ 0.4

DG� �GNM@C@CNMmoqMN
LuD0mnxus�DG@ �Z�E�GBEDGmALuD mnB��E���GBENu� ? D��Os�NiDGFIHoD

α2

�ZNPBXJtmCmCNi�GB�JMLuN�� D*mC�GJM� J �,z���D J �tJM@CB�JMprqMN
FuN�D���s�NiDGFIHoD

α1 < 1
�ZNPB�JMmCmnN��*B JMLvJ �gLuB �ZD*@CD*FuprJgLOD`JM��Hoxu@CJgJM�u@nxusOHoJgFvJg��NP@CLuJgLuN

� @CqMNu� � � 
G� LuBEmCmCNO��D*��DGm D ��su�EB��GJM@oJM��N�D �ZD*BEHoN�LuD �����������
	���� �*NP��N�DGmn�rJM��J JMF �M� JM��J LvJ
@Cx � NPmCBELvJMLuDt�
!S� xu� J,m 
*@CBED LOD�NPx�Ho@CNMm�HC@oJM�uJM� �uNMm"�ZNM@oJM��NP�OHoBELuNPm�D ��s�N�D*FIHoDGm

α1 ≈ 1
D

α2 ≈ 0.4
�

� � � xuFum LuDG�EDGm�moqtNuQ � � � ��# ���! �� LuD �v����DGm LuD  �B wyN�?
x


 � � � ��DG�ED*HC@CNiLuDGs�NPmCBEprqMN LuD �v����DGm
LuD NPxu@nN 
��%
 � ��LuDGs�NPmCBEprqMN�s�NP@!mCsux�HCHoD*@CBEF � LuD � ��s�NP��BE�G@CBEmnHoJM��BEFuN 
 � ���,�r¡ �,D JMB�FOLvJ�N
�G@nDGmn�GB���DGFIHCN��rJt� JMLuJe} s�NP@�} �rJM��JMLvJALOD �v�E��D*m�LOD�s�NP��� �kJM��������JM��B�FuD � �iLu@nN�� �O��NP@nB�LuD � 
 �&� �

�". ' #
����
1�/'5� � �
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��xuD 
 	U�GB�HKJM��NPm�JMFIHCDG@CBENP@C��DGFIHCDM�|����JU�rJM@CJM�*HCDG@C�EmnHCB��rJU�*NP�0xu� �UHoNiLuNPm�DGmnmCD*m HC@oJM�vJt� �uNPm 

JMmnmCNi�GB Jt@<N�D��Os�NiDGFIHoD

α1 ≈ 1
� xu��J�LuB�F �t��BE�rJ�LuD��G@nDGmn�GB���DGFIHCN�BEF�HC@oJe} � @oqtN LuNP��B�FvJMLuJ

s�NP@bLuB �ZxumoqMNO�<NPx mCD 
CJ�� @nD � BELvJ�s�DG� J DG��xvJMpGqMN"LuD`�G@nDGmn�GB���DGFIHCN�LOD (gNM� � } � B��E� JMBEF �Z�PD*@
mCxO�umCD*prqMN0��� "��#� �;� l D��kJtHCNu�PsvJt@oJ

d = 2+1
��JM��xuDG��J�DG��xvJMpGqMN.sO@CD*��&

α = 1
D �OJtHoJM��D*FIHoDM�

� J���JMB�NM@CB J�LuDGmnmCDGm�Ho@CJM�vJM� �uNPm>N�D ��s�N�D*F�HCD
α2


�JtmCmCNi�GB�JMLuN��,�G� JtmCmCD �,z��X�PLuD*mC�G@nD*�MDGFuLuN
JMm �GNM@C@CD*� JMp���D*m<LuD,� JM@ � J0DGmn�rJM��JO�

? �����������
	���� LuD α1 ≈ 1
svJM@CJ D*mC�GJM� J ��N � JM@C��Ho��B��rJ��k�*� JMmnmCD�!)( � �ZNPBSmnx � DG@nB�LuN D*�

LuD*s�NPmnB�pGqMNgs�NP@�� JMmnDG@�suxu�EmoJMLuN LuD	s�D*@CN �im
	�BEHCDGm 
 � � � D	DG� DG�ED*Ho@nN�LODGs�NPmCBEprqMN LuD �*NP�u@nD
�GNM� JMLuBEHCBE�MNPm 
�� � � � � DGmCmnD �u��HoB���N`Ho@CJM�vJM� �uN 
�BEF�HCDG@nDGmCmCJMFIHoD`�*NP��DGFIHKJM@���xuDM�<suJM@oJ N
�rJtmCN LOD�D*��D*HC@CNiLuDGs�NPmnB�prqtN	mnDG� JMLOBEHoB��PNPm*� J	@nx � NPmnB�LvJMLOD�mCJtHoxO@oJ Jtsu@CN ��B���JMLvJM��DGFIHCD FuN
HKJt� JMF��uN � 
GLuBEN LuD � @oqtNu�MFvqtNAmCD*FuLuN�s�NPmCmn�E�PD*�OD*mnHoBE� Jt@|NAD���s�NiDGFIHoD

α2

�>? D���s�NiDGFIHoD<LOD
�G@nDGmn�GB���DGFIHCN

β
NP��HoB�LON�FuD*mCmnDUsu@CNi�GD*mCmnN��ZNPB

β = 0.63±0.08
� � N��GJMmCN�LvJ�LuD*s�NMmCB�pGqMN �*NP�

JMLuB�HoB��PNPm*��N �����������
	���� LuD��G@CD*mC�*B���DGFIHoN	��BEFuDrJM@ svJM@oJ!�EN � JM@n�EHo��B��*N�
�BEF�HCDG@n��D*LuB JMLONbs�NM@
xu��Jb@CD � B qMN ��B�FODrJM@*� � � 
*� LuBEmCmnNu��
 NP�umnDG@n�tJMLON HoJM�0� 
G� xu� �����������
	���� FvJ!DGmn�rJM��JbLvJ
@Cx � NPmCBELvJMLuD �GNP�8N0HoD*��s�N0LuD�xu�8D ��s�N�D*FIHoD

β ≈ 0.25
svJM@CJ0�G@CD*mC�*B���DGFIHoN �EN � JM@n�EHo��B��*Nu�
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zXJt@oJ JMFvJM�EB�mCJM@AJMm�sO@CNPsu@nB�D*LvJMLuD*m�LuN �G@CD*mC�*B���DGFIHoN B�FOB��GB�JM� LvJb@Cx � NPmCBELvJMLuD �EN��GJM�|D*�
mCxi}
s�DG@ �Z�E�GBEDGm��GNP� � @oqMNPm*��Fu{Pm�DGmnHCxuLvJM��NPm�LuNPBEm���NiLuDG�ENPmS�vJMm�HKJMFIHoD mCBE��sO��DGm*���GNPFumnB�m�HoB�FOLuN.LOD
@CD*LuDGmys�D*@CB�{iLuBE�rJMm�LuD � @CqMNPm*��NPFOLuDAFvqMN � 	��GNM@C@CD*� JMp���D*myD*F�HC@CDAD*mnHCDGm<DAFuD*� LOB�F �M��B��GJ�LOD
�G@nDGmn�GB���DGFIHCNu�v� Jtm<FuNPm ��xvJMB�m�
,s�NPmCmn�E�MDG��mCD��rJt���GxO� JM@<J @nx � NPmnB�LvJMLOD,JMFvJM�EBEHoBE�rJM��DGFIHCDM�

� � ����� ���
�������� �� ��!�� � � � � �$ ��$	���� �
�

� D*mCmnD���N�LODG��N<FO{Pm��GNPFumnB�LuD*@oJM��NPm��*NP��N<mnxus�DG@ �Z�E�GBEDSxu� J<NPFOLvJ<�ixuJMLu@oJtLvJO�eDG�
d = 1+1

�
LuD JM��sO��BEHCxuLuD

h
D s�DG@C�EN�LON

2l
�>�*NP��N ��NPmnHC@oJ J � � xu@CJ "O��� � J �;� !SmnHoJMFuLuN DGmCmCJ`mCNP�O@CD

xu� mCxu�OmnHo@CJtHoN\LOB�mC�*@CD9HoNu� �GNM� svJM@ �M��D*Ho@nNgLuD @CDGLOD^B � xvJt��J�xO���<LuD �ZNM@C��J ��xuD^xu�
� @CqMN��GNP@n@CDGmns�NMFuLuD.J

l
mn�EHCB�NPm<LuN�mCxO�umnHC@oJtHCN��*NP��JM��Hoxu@CJ

h
� � @Cx � NMmCB�LuJMLuD���Ni�rJt�

Wloc



�rJt���GxO� JMLvJ�DG� 
CJMFODG� JtmALuD0HKJt� JMF��uN

R
�MJt@C@CD*FuLuN!HoNiLuN!N mnxu�umnHC@oJtHCNu� z N�LuD*��NMm�FuNMHKJt@

��xuD�J @nx � NPmnB�LvJtLuD��rJM�E�Gxu��JMLvJbDG� 
CJMFuDG��JMm,�Gx

CJ!s�NPmCBEprqMN BEFuB��*B JM�
x0

D*mnH 		mCNP�O@CD�N	HCNPs�N

��"
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LuD,xu� �OFuB��*N � @oqMN�mCD,@nDGs�D*HoD,D*� 
CJMFuDG��JMm<�GNM�
x0

mnNP�u@nD�N �tJM�EDM� � mnmCBE���vJ @nx � NPmnB�LvJMLOD
� 
GLuB�J�LuN.mCBEmnHoD*� J���svJt@oJ,xu� HKJM��JMF��uN�LuD 
CJMFuDG��J

R
����Nu� 
�B � xuJM���.@nx � NPmnB�LvJMLOD�� 
GLuB�J

�rJt���GxO� JMLvJ0LOD 
CJtFuDG��JMm<�GNP�
x0

�tJM@nB JMFuLON mCNP�u@nD.N HCNPs�N�LuD,xu� �uFuB��*N � @oqMNO�

�XB � xu@oJ "O� �MQbJ ��� D*LuD!s�D*@CBE{�LuBE�rJ	LuD � @oqMNMm0@CD9HKJMF � xu� JM@nDGm*� ��� !SmC��xuDG��J B���xOmnHo@CJtHoB��PN�LvJ

CJMFuD*� J0mnNP�u@CD.J ��NM@CLvJ LuN � @CqMNu�

wyNPFumnB�LuD*@oJMFuLON�DGFIHKqtN
x0

mCNP�O@CD N HoNPs�NgLuD�xu� � @oqtNu�yHoD*��NMm
l − R + 1


CJtFuDG��JMm
HoNtHKJM�E��D*F�HCD mCNP�u@nD^J mnxus�DG@ �Z�E�GBED�LuN � @oqMNO�U�Gx

CJ @Cx � NPmCBELvJMLuD�
�F�xu��JO�<D�HCDG��NPm

R − 1


CJMFuD*� JMm.�GNP�O@CB�FOLuN`svJM@n�GB�JM����DGFIHoD�HKJtF�HCN^N � @CqMN`��xvJMFIHoN^N`�tJM�EDM�>�*NP� @Cx � NMmCB�LuJMLuD FuqMN
F�xu� J�� ��D�HCDG��NPm

i
mC��HoBENPm�mCNP�u@nD N��MJt��D �Z�PD*@ � � � "O� � �k��� �9��N0��xuD BE��sO��B��GJADG�

R− i
mC��HoB�NMm

mCNM�u@CD,N � @oqtNu�vJ�JM�EHCxu@oJ � 
GLuB�J0LuDGmnmoJ 
CJMFuDG��J 


〈h〉 =
(R − i)h

R

��"�� � �

D�J�JM�EHCxu@oJ0� 
GLuB�J JMN���xvJMLu@CJMLuN

〈

h2
〉

=
(R − i)h2

R
.

��"�� � �

!SFIHKqMN�HoD*��NPm J @nx � NPmnB�LvJMLOD,JMN��ixuJMLu@oJtLuN

W 2
loci

=
〈

h2
〉

− 〈h〉2 =
i(R − i)h2

R2
.

��"�� " �

? mnDGx	�MJt��NP@U� 
GLOB�N 
,LvJMLuN�s�NP@

〈

W 2
loc

〉

=
1

l

R−1
∑

i=1

W 2
loci

=
h2

lR2

R−1
∑

i=1

i(R − i).
� "O�+� �
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� N ��BE��B�HoD|LuD 
CJtFuDG��JMm � @oJMFOLuDGm*�tHoD*��NMm
R � 1

Dt�MmCD*� s�D*@CLvJ LuD � DGFODG@oJt��B�LuJMLuDM�es�N�LuD*��NMm
Ho@CJMFum �ZNP@C��JM@<J mCNM� J DG� xu� J BEF�HCD � @CJM� ����N � N

〈

W 2
loc

〉

=
h2

lR2

∫ R

0

i(R − i) =
h2R

6l
,

��"�� � �

��xuD 
�J�@nx � NPmnB�LvJMLOD��ixuJMLu@�	eHoB��GJ ��Ni�rJM� �
z|NP@ 
G�	� 
���JMB�m �GNM�0xu����xuD�mnD���DGpGJ�J�@Cx � NMmCB�LuJMLuD �kLuBE��D*FumoqMN �Z��mnB��GJ�LOD��GNM��su@nB�}

��DGFIHoN ��LuDGFIHC@CN,LuDU�GJMLvJ�
CJMFuD*� J DyLuDGs�NPB�mXmCD<�rJt���GxO��DyxO� J � 
GLOB JO�tDG�(�PD��<LOD<mCD<�rJt���GxO� JM@
xu��Jb��
*LuB JbLOD�@nx � NPmnB�LvJtLuDGm���xvJMLO@�	tHCB��rJtm �kLuBE��D*FumoqMN �Z�EmCB��GJ LuD 	M@nDrJ �;� z|D*� J!DG��xvJMpGqMN
"O�#"0HoDG��NPm J�@Cx � NPmCBELvJMLuD

Wloci
=

h
√

i(R − i)

R

��"�� ¡ �
FvJ�
CJMFuD*� J

i
�vD*FIHKqMN�FuN���BE��B�HoD DG� ��xuD

R � 1

Wloc = 〈Wloci
〉 =

h

lR

∫ R

0

di
√

i(R − i).
� "O� � �

� DGmCNM�E�PD*FuLuN�DGmnmoJ�BEFIHoD � @oJM� D*Fu�GNMF�HC@oJM��NPm

Wloc =
πhR

8l
.

��"�� 
 �

!SF��v�	�XJ	@Cx � NMmCB�LuJMLuD
Wloc

D�J @Cx � NMmCB�LuJMLuD�JMN	�ixuJMLu@oJtLuN
W2loc

�|��Ni�rJMBEmG��D*mC�rJt� JM�
�GNM� N HKJM��JMF��uN LuJ 
CJMFODG� J��

W2loc
∼ Wloc ∼ R,

� "O� % �
�GNM��N0�*NPFumnDG��x'&GFO�GB J�LvJ0� 
GLuB�J��GNMF�� � xu@CJM�GBENPFvJM��mCNP�O@CDAxu��J �Z@oJtprqMN0LOD 
CJMFuDG��JMmULuD,Jt�EHKJ
@Cx � NPmCBELvJMLuD�sO@CNPs�NP@C�*B�NPFuJM� �

R
�

� � ��� � ���
�������� �� ��!�� � 	 �(!�� 	 � ��� � ��� ��	��
	���� � � �
�$!��

��DGFuD*@oJM�EB �rJtFuLuN,J,@CDGLOD LOD � @oqMNPm�@nD*HKJtF � xu��JM@CD*mSsvJM@oJ
d = 2+1

��Fu{Pm��GNPFOmCB�LODG@oJt��NPm�D*mnHKJ
FvJ �ZNP@C��J�LOD�xu� HoJM�uxu�EDGB�@nN,LuD �OJMLu@nD�� �Z�PD*@ � � xu@oJ "O� ���9�i�GNP� � @CqMNPm�LuD �uJMmCD��ixuJMLu@oJtLvJ
LuD,� JtLuN

l
D,�GNP� JM�EHCxu@oJ

h
�
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�XB � xu@oJ "O� ��Q !SmC��xuD*� J0BE��xum�Ho@CJtHoB��PN�LuDAxu��J.@nDGLuDAs�DG@nB�{iLuB��GJO�IHoBEs�N�HKJM�uxO��DGBE@CN�LuD �OJMLu@nD��t�
�GNM� � @oqtNPm<DG� �ZNM@C��J0LuD,svJM@oJt��DG�EDGsu�Es�D*LuNu�

� FvJt��N � Jt��D*F�HCD,JMN��rJMmnN�xuFOB�LuBE��D*FumCBENPFvJM� ��s�N�LODG��NPm<�rJM�E�Gxu��JM@ J�@Cx � NMmCB�LuJMLuD�� 
GLuB�J
xumCJMFuLuN 
CJMFuD*� JMmU��xuD�HCDGF��vJt� N�mC�EHCB�N0BEFuB��*B JM��FvJ mCxOs�D*@ �Z���*B�D�LuD,xu� �uFuBE�GN � @oqtNu�Os�NPB�m Jtm
s�NPmCBEp��iDGm�@CDGm�HKJMFIHCDGm0mnDG@oqtN @CD*s�D9HoBEp��iDGm�LuDGmnmoJ`�GNMF�� � xu@CJMprqtNu� z|NiLuDG��NPm.LuBE�iB�LOB�@�N�HCNPs�N
LuN � @oqtN�D*� Ho@ &Gm @CD � B �iDGm �GNM� �GNPFIHC@CB��OxuB�p���D*m LOB�mnHCB�FIHKJtm<svJM@oJ�J�@Cx � NMmCB�LuJMLuDM�v�*NPF��ZNP@n��D
B�FOLuB��GJMLuN s�DG� Jtm<��B�F��vJMmUs�NPFIHoBE� �vJMLuJMmULvJ � � xu@CJ "O� "�� J �;�

�XB � xu@oJ,"�� "OQXJ �n� D � B �iDGmSLvJ�mCxOs�D*@ �Z���*B�D LuN � @CqMN,�GNP� LuB �ZDG@nDGFIHoD*m�@nx � NPmnB�LvJtLuDGm*� !SmC��xuDG��J
B��ExumnHC@oJtHCBE�MN0LvJ �MJt@CB JtprqMN LvJ�
CJMFODG� J �Z��B�F��vJMmUs�NPFIHoBE� �vJMLuJMm ��FuJ�@nD � B�qMNuQS��� � � � � �
� �

� J"@CD � B qMN ���
� HoDG��NPm	J 
CJMFuDG��JgHoNMHoJM����DGFIHCD^mCNP�u@nD N � @CqMNu��N ��xuD FuNPm L 	"xu��J
@Cx � NPmCBELvJMLuD�F�xu��JO�

� JMm,@nD � B ��D*m � J 
CJMFuD*� Jb�*NP�u@CD�mn�EHoBENPmAmnNP�u@CD�xu� � @oqMN!D�mnNP�u@CD�xu� �MJt��DM���*NPF��ZNP@n��D
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��NPmnHC@oJM��NPm FuJ � � xu@oJ "O�#" �Z���9� ��D ���OJM@C��NPmAxO� Jbs�NPmCBEprqMN!BEFuB��*B JM�
x0

svJM@CJ	J 
CJtFuDG��JbD
J � �GD*@C��NPm.�*NP@C@nDG@�JMN	��NPF � N LuD

j
� �GNP�

1 ≤ j ≤ R − 1
� 
 � 	M�GBE�SFuNMHKJt@���xuD�HoD*@CD*��NPm

D �OJtHoJM��DGFIHoD J^@Cx � NPmCBELvJMLuD �rJM�E�Gxu��JMLvJ FuN �GJMmCN xuFuBELuB���DGFOmCB�NMFvJM� � � � 
*� LuBEmCmCNO���*NP��N
HoD*��NMm LuxvJtmA@CD � B �iDGm � BEL'&GFIHCB��rJtmG� �GJMLvJbxu��J �*NP�

l − R + 1
s�NPmnB�p���D*m s�NPmCmn�E�PD*B�mAsuJM@oJ

x0

��HCDG��NPm 〈
W �
〉

= 2(l−R+1)
l

W(d=1+1)

� !SFIHKqMN s�D*� JMm D*��xvJMp��iDGm "O� � D "O� 
O��HCDG��NPm�J
�GNMF�HC@CBE�uxuB�pGqMN svJM@CJ�J�@nx � NPmnB�LvJMLOD��ixuJMLu@�	eHoB��GJ ��
*LuB J

W �2loc
=

(l − R + 1)h2R

3l2
��"O���   �

D�J �GNPFIHo@nB��uxOB�prqtN svJM@oJ�J @Cx � NPmCBELvJMLuD�� 
GLuB�J

W �loc =
(l − R + 1)πhR

4l2
.

��"O��� � �

� J @CD � B qMN �
� HCDG��NPm J 
CJMFODG� J �GNM� s�NPFIHCNPmXmnNP�u@CD�LuNPBEm � @oqMNPm�D�LuNPB�m��tJM�EDGmG�>wyNPF��ZNP@n��D
��NPmnHC@oJMLuN�FvJ � � xu@oJ "O� "��k� �;�MmnD�HoD*��NMm

ij
mn�EHoBENPm�LuDyxO� J 
CJMFuDG��J�mnNP�u@CD�xu� � @oqtNu�tHCDG@nDG��NPm

(R− i)(R− j)
mCNP�O@CD�N NPxOHC@CNu��N ��xuD�FuNPmULuJ

R2 + 2ij −R(i + j)
mC��HoBENPm�LOD,JM�EHCxu@oJ

h
�

�GNM�
i, j = 1, ..., R − 1

�"!SFIHKqMN�s�NiLuD*��NPm<D*mC�*@CD*�MDG@ J�@nx � NPmnB�LvJtLuD

(W ���loc)
2
ij =

(R2 + 2ij − R(i + j))h2

R2
− (R2 + 2ij − R(i + j))2h2

R4

��"O��� � �

��N � N

(W ���loc)
2
ij = h2

{−4ij

R2
+

i

R
+

j

R
− 4i2j2

R4
+

4i2j

R3
+

4ij2

R3
− i2

R2
− j2

R2

}

.
��"O���$" �

� mnmCBE���iJ.�*NPFIHo@nB��uxuBEprqMN.LvJ.@nD � B�qMN �
� svJt@oJ.N��tJM��NP@�� 
GLuBEN.LuJ.@Cx � NPmCBELvJMLuD�JMN.�ixuJMLu@oJtLuN



W ���2loc
=
〈

(W ���loc)
2
ij

〉

=
1

l2

R−1
∑

i=1

R−1
∑

j=1

(W ���loc)
2
ij.

��"O���&� �

� N �tJM��DGFIHoD�HCNP� JtFuLuN N���BE��B�HoD LOD 
CJtFuDG��JMm � @oJtFuLuDGm
(R � 1)

�OHoD*��NPm

W ���2loc
=

h2

l2

∫ R

0

di

∫ R

0

dj

{−4ij

R2
+

i

R
+

j

R
− 4i2j2

R4
+

4i2j

R3
+

4ij2

R3
− i2

R2
− j2

R2

}

.

��"O��� � �
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� DGmCNM�E�PD*FuLuN�J B�FIHoD � @oJM� Luxusu��J�NM�OHoD*��NPm

W ���2loc
=

2h2R2

9l2
.

��"O��� ¡ �

z|NiLuDG��NPm @CD*DGmn�G@CD9�PD*@AJ @Cx � NPmCBELvJMLuD�JMN���xvJMLu@CJMLuN��kD*� � "O���$" ��FvJ �ZNM@C��J

(W ���loc)
2
ij = h2

{

−i2
[

4j2

R4
− 4j

R3
+

1

R2

]

+ iR

[

4j2

R4
− 4j

R3
+

1

R2

]

+
j

R
− j2

R2

}

,

��"O��� � �
DGFIHoqMN�LOD �vFuBEFuLuN

a2
j ≡

[

4j2

R4
− 4j

R3
+

1

R2

] HoD*��NPm J @Cx � NPmCBELvJMLuD�LuJ 
CJtFuDG��J
ij

(W ���loc)ij = haj

√

1

4a2
j

−
(

i − R

2

)2

.
��"O���%
 �

� N��EB���BEHoD��GNPFIHC��F�xuNu�OHCDG��NPm J��GNPFIHo@nB��uxOB�prqtN svJM@oJ�J�@Cx � NPmCBELvJMLuD�� 
GLuB�J

W ���loc =
〈

(W ���loc)ij

〉

=
h

l2

∫ R

0

djaj

∫ R

0

di

√

1

4a2
j

−
(

i − R

2

)2

.
��"O���$% �

� DGmCNM�E�PD*FuLuN�J B�FIHoD � @oJM� DG�
i
NP�OHCDG��NPm

W ���loc =
h

4l2

∫ R

0

dj

[

R
√

1 − (ajR)2 +
sin−1(ajR)

aj

]

.
��"O� �M  �

� FIHoD � @oJMFOLuN √
1 − (ajR)2

NP��HoDG��NPm<N �tJM��NM@ πR2

4

��z NP@ NPxOHC@CN�� JMLONu��HCDG��NPm
∫ R

0

dj
sin−1(ajR)

aj
= R2

∫ 1

0

du
sin−1(u)

u
=

π ln 2

2
R2.

��"O� � � �

l D*mCmoJ �ZNP@C��JO��DGFu�*NPFIHo@oJt��NPm

W ���loc =
hR2

4l2

(π

2

)

(

ln 2 +
1

2

)

.
��"O� �P� �

��� NM@oJO�u�*NP��N
W = W � + W ���

�Os�D*� JMm<D*�ixuJMp��iDGm "O���   D "�� � ¡ NP��HoDG��NPm

W2loc
=

(

h2

3l

)

R

[

1 −
(

1

3l

)

R

] ��"O� �*" �

D,LuD "O��� �,D "�� �P�.HCDG��NPm

Wloc =

(

πh

4l

)

R

[

1 −
(

3 − 2 ln 2

4l

)

R

]

.
��"O� �-� �
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!SF��v�	�vJMFvJM�EN � JM��DGFIHCD�JMN �rJtmCN�xuFuB�LOB���DGFumnB�NPFvJt� �iJ0@Cx � NPmCBELvJMLuD�D,J @Cx � NPmCBELvJMLuD,JtN
��xvJMLu@CJMLuN,DGmn�rJM��JM� �*NP��N�HKJt� JMF��uN�LvJ 
CJMFuD*� JO� � @Cx � NMmCB�LuJMLuD<DGmn�rJM��JMFuLuN,�EB�FuDGJM@C��DGFIHoD
�GNM�

R
FuNPm�L 	�N,D ��s�NiDGFIHCD

α = 1
� !�mnmCD �tJM��NP@ 
 � DG@CJM����DGFIHoDUJMmCmnN��*B JMLuN���xu��su@CNi�GD*mCmCN

LuNP��B�FuJMLuNgs�NP@bLOB �ZxumCqMN �kD*��xvJMprqtN�LOD (gNM� � } � B��E� JMBEF��.FvJ�LuBEF �M��B��GJ LuD*F�HC@CN"LuN � @CqMNu�
�GNM��N�LuBEmC�Gx�HoB���NPmUFuJ�mnDGprqtN!��� ����z|NP@ 
G�	�vDG� FONPmCmnN ��N�LuD*��N�J @Cx � NPmCBELvJMLuD,BEF�HCDG@nFvJ LuN
� @CqMN 
 F�xu� JO��s�NPBEmAmCxvJ!mnxus�D*@ �Z�E�GB�D 
 �EB�mCJO� D ��DGmC��N JMmnmCB�� NP�OHCDG��NPm

α = 1
s�NPB�m*� DGmnmCD

D ��s�N�D*FIHoD�mnD0NP@nB � BEFvJ LvJMm � @oJMFOLuDGm�LuB �ZD*@CDGFOprJMm�LuD0JM��Hoxu@CJ�FuJMm ��NP@CLuJMm�LONPm � @CqMNPm D.FuqMN
LvJ	LuB�F �t��BE�rJ!LuD �*@CD*mC�GBE��D*FIHoN`BEF�HCDG@nFvJ�LuD*mnHCDM� � mnmCN`mnD �*NPF��v@n� J	s�D*� J @Cx � NMmCB�LuJMLuDbJtN
��xvJMLu@CJMLuNu����xuD0HoJM�0� 
G� �G@CD*mC�*D��EB�FuDGJM@C��DGFIHCD��GNM�

R
��LuD9��BELuN JMNMm � @oJMFOLuDGm�LuD*mCFu���PD*B�m

DGFIHC@CD � @oqtNPm>DU�tJM��D*mG�Sz N�LODG��NPmSDGFIHKqtN��*NPFu�*��xuBE@>��xuD<N,D ��s�NiDGFIHCD
α = 1


<mCB���su�EDGmC��DGFIHCD
xu� D �ZDGBEHCN.LuJ � D*NP��D*Ho@nB J�LuN � @oqMN,D FvqMN.DGmnH�	.@nDG� Jt�GB�NMFvJMLuN ��xu� J,LuBEF �M��B��rJAsuJM@nHCB��GxO� JM@
LuD��G@CD*mC�*B���DGFIHoN B�FIHoD*@CFuN LuN � @CqMNu� ?Ax�mnD 
CJO�yB�FuLuD*s�D*FuLuD*F�HCDG��DGFIHoD LvJ LuBEF �M��B��GJO��mnD
HoD*��NMm�xO� J mCxus�DG@ �Z���*B�D �ZNP@C��JMLvJ s�NP@ � @oqMNMm,HCDG@nDG��NPm

α ≈ 1
� � mnmCB��	� FvqMN s�NiLuDG��NPmG�

�GNM� �vJMmnD�Jts�D*FvJMm�FuN D ��s�N�D*F�HCD
α
� B�F��ZD*@CB�@ mCNP�u@nD�J LOB�F �M��B��GJyLuD��G@nDGmn�GB���DGFIHCN�BEF�HCDG@nFvJ<LuN

� @CqMN,D HoqMN,s�NMxu�GN�J �v@n� Jt@S�ixOD N � @CqMN�mCD �ZNP@C��JAF�xu� su@nN��*DGmnmCN�LONP��BEFvJMLuN�s�NP@SLuB �ZxumoqtN
�k�*� JMmnmCD,LuD,( NP� � } �AB��E� JMBEF��X�GNM��N 
�mCx � DG@nB�LuN�DG� ��xuBEHCNPmyHo@CJM�vJM� �uNPm<D��Os�DG@nB���DGFIHKJtB�mG�

z|NiLuDG��NPm�FuNMHKJt@�FvJtm DG��m*� "O� �*"�D "O� �-� ��xuD JtsvJM@CD*�GD*� �*NP@C@nDGp��iDGm�LuD�D*mC�GJM� J FuJ�@Cxi}
� NPmnB�LvJtLuD��*NP� JM��su��B�HoxuLuD*m,FuD � JeHoBE�tJMm*�XNPx mCD 
CJO�>��xuD HCDGFuLuD*� J LuB���B�F�xuBE@�N��tJM�ENP@,LvJ
@Cx � NPmCBELvJMLuDt� z NP@ 
*����D*mCmoJtm��GNM@C@CD*p��iDGm,H &*�
�MJt��NP@nDGm�LuD�JMsu@nN ��BE� JMLuJM��D*FIHoD

0.33R/l
D

0.40R/l
svJt@oJ

W2loc

D
Wloc

� @nDGmCs�DG�9HoB��MJt��D*F�HCDM�<z NP@ D ��DG��su��NO�vsvJM@oJ
R/l ≈ 0.2

HoDG��NPm
xu� LuD*mn�iB�N���DGFONP@���xuD

10%
FvJ @Cx � NPmCBELvJMLuDt�UNPx�mnD 
CJO�<N D �ZDGB�HoN LuDGmnmoJMmb�*NP@C@nDGp���D*m 


s�DG��xuDGFON^svJM@oJ 
CJMFuDG��JMm���D*� ��DGFONP@CD*m0��xuDbN�HoJM��JMF��uN�LuN � @CqMNu� l D �kJtHCNu�XBEmCmCN mCDG@ 	
�GNMF��v@C��JMLuN FvJMm su@n{ ��BE� JMm.mCD*p��iDGm�D!FuN^su@n{ ��BE��N`�GJMsu��Hoxu�EN �GNM� ��N�LuD*��NPm�LuD!�*@CDGmn�GB }
��DGFIHoNu�
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� N � @oqtN @CD9HKJMF � xu� Jt@�D�FuN`svJt@oJM�EDG��D*su��s�DGLONu� JMsu@CD*mCD*F�HoJMLuNPm�FvJMm�mnxu�umnDGp��iDGm�JtF�HCDG@nB�NP@nDGmG�
� 	 xu��J0LuB �ZD*@CD*FuprJ LuD�JM��Hoxu@CJMm<JM�u@nxusOHoJ�D*FIHo@CD,N HoNMs�N LuN � @CqMN D�N �tJM��Dt�u��xuD,FvqMN LuD9�PD
�GNM@C@CD*mCs�NPFuLuD*@ JMN ��xuD�JM�GNPFIHCDG�GD,D*� xu� � @oqMN @nDrJM� ��zXJM@CJ��ED*�tJM@UD*� �*NPFIHKJ�DGmCmCJ su@CNPsO@CB�}
DGLuJMLuD Fu{Pmy�GJM���*xu� Jt��NPm�J,@Cx � NPmCBELvJMLuD DG� xO� J,@CD*LuD LuD � @CqMNPm��GNP� �ZNP@n� JAHC@oJMs�D��*NPB�LvJt� �
NPx mCD 
CJO�X�*NP� J�Jt�EHoxO@oJb�tJM@CB�JMFuLuN	� JtB�m���D*FIHKJM��DGFIHoD�D*F�HC@CD�N	HCNPs�N	LuD�xu� � @CqMN�D�xu�
�tJM��Dt�

� {Pm,�*NPFumCBELuDG@CJM��NPmAHo@CJMs 
��GBENPm,LuD�JM�EHCxu@oJ
h
D��vJtmCDGm

l
D

l + 2a
���GNP��N!��NMmnHo@CJM��NPm

FvJ � � xu@CJ "O�+���kJ �9� z|D*� J s�DG@nB�NiLuB��*B�LvJtLuD`LvJ�@CDGLODM��s�N�LuD*��NMm	�GJM���*xu� Jt@ J�@nx � NPmnB�LvJMLOD
� 
GLuB�J JMs�DGFvJtmAmCNP�O@CD 
CJMFODG� Jtm �GNM� s�NPmnB�p��iDGm

x0

�MJt@CB JtFuLuN mnNP�u@nD0xu� �MJt��D�D�mCNP�u@nD0xu�
Ho@nDG� �uN B�FO�G��BEFvJMLuN�LuN^Ho@CJMs 
��GBENu��s�NPBEm�HoNiLvJMm�Jtm NPxOHo@CJMm �GNMF�� � xu@CJMp��iDGm�mCqMN @CDGs�D*HCB�p���D*m
LuD*mnHKJtmG� � mnmCB��	��mCNP�O@CDAN��MJt��D HoDG��NPm

l−R +1

CJtFuDG��JMmG�i�GNP� @nx � NPmnB�LvJMLOD�F�xu��J.D�HCDG��NPm

a + R− 1

CJMFuDG��JMmy�*NP� mC��HoB�NMm�FvJ.@CD � B qMN�B�Fu�*��BEFvJMLvJ,D FuN.�MJt��D D �tNPx�HoNPs�N�LuN � @oqMNO���*NP�

@Cx � NPmCBELvJMLuD FvqMN�FixO� JO� ��Jt��NPm��*NPFumCBELuDG@CJM@ 
CJtFuDG��JMm�LOD�HKJt� JMF��uN
R > a

��svJM@oJ���xuDADGm�HKJ
s�NPmCmCJ�mnDG��su@CD,�GNM�u@CBE@UHoNiLuN N�HC@CD*� �uN�BEFu�G�EB�FvJtLuNu�

�XB � xO@oJ "O�+�uQ�J �<��@oqMN HC@oJMs�D��*NPB�LvJt� �X� � �PJtFuDG��J�LOD.Jt�EHoxO@oJ0� 
GLuB�J
h/2

�

wyNPF��ZNP@n��D<��NPm�Ho@oJtLuN,FvJ � � xu@oJ!"O�+���kJ �9�ImnD HCDG��NPm
k
mC�EHCB�NPmXLvJ 
CJtFuDG��J,mnNP�u@nD�J�@nD � B�qMN

B�FO�G��BEFvJMLvJ��M�GNM�
k 6 a

��HCDG@nDG��NPm
R−k

mC��HoBENPm>mCNM�u@CD N��MJt��D�� Jt�EHoxO@oJAF�xu� J �9�
!SFIHKqtNu��svJM@oJ
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J�
CJMFuD*� J �GNP� s�NPmnB�pGqMN �vFvJM�
k
HCDG��NPm

〈h � 〉 =
h

2aR
(k2 + k)

��"�� � ���

D
〈

h2

�
〉

=
h2

6a2R
(2k3 + 3k2 + k).

��"�� �M¡ �
? ��xuD�FuNPm L 	�J @Cx � NPmCBELvJMLuD�JMN���xvJMLO@oJMLuN

(W �loc)
2
k =

h2

4a2R2

{

−k4 +
4R − 6

3
k3 + (2R − 1)k2 +

2R

3
k

}

.
��"O� � � �

z|NP@ 
G�	�vmCD�HoD*��NMm
k > a

�vJr�MDG@�	�� HoJM�0� 
G�	�
k − a

mn�EHCB�NPmU�*NP��JM��Hoxu@CJ
h
�vDGFIHKqMN

〈h ��� 〉 =
h(a + 1)

2R
+

h(k − a)

R

��"O� ��
 �

D
〈

h2

���
〉

=
h2(2a2 + 3a + 1)

6aR
+

h2(k − a)

R
.

��"O� �*% �
!SFIHKqMNu�uHCDG��NPm J @Cx � NPmCBELvJMLuD�JMN���xvJMLu@CJMLuN

(W ���loc)
2
k =

h2

R2

{

b − k2 + (R + a − 1)k
}

.
��"O�#"P  �

�GNM�

b ≡ R

(−2a

3
+

1

2
+

1

6a

)

− a2

4
+

a

2
− 1

4
.

��"O�#"�� �
z|NiLuDG��NPmAFONMHKJM@ �ixOD�J @Cx � NPmCBELvJMLuD0LOD0xu��J 
CJMFuD*� J �*NP�
JM��Hoxu@CJ�� 
GLuB�J

h/2 − s



B � xvJM�
�!@nx � NPmnB�LvJMLOD LuD xu��J 
CJMFuDG��J!�Gx

CJ JM��Hoxu@CJ ��
*LuB J 

h/2 + s

��NMx mnD 
CJO� � 	!xu��J
mCBE��D9Ho@nB J D*� HoNM@CFuN^LvJ JM��Hoxu@CJ

h/2
�Z�MDG@ � � � "O�+���k��� �9� !�FIHoqMNu��J^@Cx � NMmCB�LuJMLuDb� 
GLuB�J

�rJt���GxO� JMLvJ �GNM�
k
�MJt@CB JtFuLuN LuD

1
JeH�


R + a
� svJM@CJgJ 
CJtFuDG��J �tJM@C@nDG@�HoNiLvJgJ @CD � B qMN

B�FO�G��BEFvJMLvJ �kN^��xuD!mnB � FOB �v�GJ ��xuD J`JM��Hoxu@CJ ��
*LuB J �tJM@CB�J LuD! ^JtH 

h
�9� 
bB � xvJM� � LuxuJMm

�PD��GD*m�J`@nx � NPmnB�LvJtLuDb� 
GLuB�J �rJM�E�Gxu��JMLvJ	�GNP�
k
�tJM@CB�JMFuLuN`LOD

1
J

(R + a)/2
� � mnmCB��	�

HoD*��NMm J�@nx � NPmnB�LvJtLuD�JMN��ixuJMLu@oJtLuN���
*LuB J

W2loc
=

2

l + a







a
∑

k=1

(W
�

loc)
2
k +

R+a
2
∑

k=a+1

(W
���

loc)
2
k







,
��"O�#"I� �
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D,svJM@CJ 
CJtFuDG��JMm � @oJtFuLuDGm
(R � 1)

s�N�LODG��NPm<DGmn�G@CD9�PD*@

W2loc
=

2

l + a

{

∫ a

0

dk(W
�

loc)
2
k +

∫ R+a
2

a

dk(W
���

loc)
2
k

}

.
��"O�#" " �

� DGmCNM�E�PD*FuLuN�DGmnmoJMm B�FIHoD � @oJtB�mUNP��HoDG��NPm

W2loc
=

h2R

6(l + a)

[

1 +
3

2R
− 3

2R2
+

a2

2R2
− a3

10R3
+

a

2

(

1

R3
− 2

R2
− 2

R

)

+
1

aR

]

��"O�#"*� �
D,FuN���BE��B�HoD LOD

R, a � 1
�u�*NP�

a/R
�vFuB�HoNu�ONP�OHoD*��NMm

W2loc
=

h2R

6(l + a)

[

1 −
( a

R

)

+
1

2

( a

R

)2

− 1

10

( a

R

)3
] ��"O�#"�� �

� B�FIHCDG@CD*mCmCJMFIHoD`FuNtHKJM@���xuD��kJ��*DGFuLON
a = 0

�UNPx mCD 
CJO�<FuNg�GJMmCNgLuN � @CqMN @CD*HoJMF � xO� JM@*�
@CD*�Gxus�DG@CJM��NPm>NA@nDGmCxO�EHKJtLuN�NP�OHCB�LuN JMFIHoDG@nB�NP@n��D*FIHoDysuJM@oJ�JM��xuD*� J �*NPF�� � xu@oJMpGqMN �kD*� � "O� � �9�

� @nx � NPmnB�LvJtLuD,��Ni�rJM� suJM@oJ�xu��J�LvJtLvJ 
CJtFuDG��J�F�xu��J�s�NPmnB�pGqMN�LOD*HoD*@C��B�FvJtLvJ s�NP@
k



J @CJMB ����xvJMLu@CJMLvJbLvJMm DG��xvJMp���D*m,"O� � ��D "�� "P �� !SF�HoqMNu��svJM@oJ 
CJMFuDG��JMm � @oJMFuLODGmG��HoD*��NPm J
@Cx � NPmCBELvJMLuD�� 
GLOB J

Wloc =
2

l + a

{

∫ a

0

dk(W
�

loc)k +

∫ l+a
2

a

dk(W
���

loc)k

}

,
��"O�#"P¡ �

� su@CBE��D*B�@CJ�B�FIHoD � @oJt� s�NiLuD�mnDG@ DGmn�G@CB�HKJ��GNP��N

∫ a

0

dk(W
�

loc)k =
h

2R

∫ a+ 1
2
− 2R

3

1
2
− 2R

3

dx

√

√

√

√

(

[

x

a
+

2R

3a

]2

− 1

4a2

)

(u2 − x2),
��"O�#"�� �

NPFuLOD
u ≡ 4R2

9
+ 1

4

� � mCNM��xupGqMN�D��OJtHKJ�LuDGmnmoJ BEF�HCD � @CJM��
,�vJMm�HKJMFIHoD.�GNP��su�EB��rJtLvJ0D.�*NP��N
DGm�HKJM��NPm�B�FIHCDG@CD*mCmCJMLuNPm�FuN ��BE��B�HoD LuD

R, a � 1
�GNP�

a/R
�uFuBEHCNu� s�NiLuDG��NPm �kJ��*DG@ 1

4a2 ≈ 0
�

��N � N
∫ a

0

dk(W
�

loc)k =
h

2R

∫ a+ 1
2
− 2R

3

1
2
− 2R

3

dx

(

x

a
+

2R

3a

)√
u2 − x2

��"O�#"-
 �
�Gx 
CJ�mnNP��xOprqMN�JMmnmCB�FIHC{MHoBE�rJ 


∫ a

0

dk(W
�

loc)k =
hR

8

[

16
√

3

15

( a

R

)
3
2

+ O

(

( a

R

)
5
2

)

]

��"O�#" % �
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zXJM@CJ�J mnD � xuFOLvJ�BEFIHoD � @oJM� HCDG��NPm
∫ R+a

2

a

dk(W
���

loc)k =
hR

8

[

π

2
− 4

√
2

3

( a

R

)
3
2

+ O

(

( a

R

)
5
2

)

]

.
��"O�+�I  �

!SFIHKqMNu�uHCDG��NPm J @Cx � NPmCBELvJMLuD,� 
GLuB�J

Wloc =
πh

8(l + a)
R

[

1 −
(

8
√

2

3π
− 32

√
3

15π

)

( a

R

)
3
2

+ O

(

( a

R

)
5
2

)

]

.
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� FvJt��N � Jt��D*F�HCD�JMN � @oqtN!@CD*HoJMF � xO� JM@*��J @nx � NPmnB�LvJtLuD D�J	@nx � NPmnB�LvJMLOD�JMN �ixuJMLu@oJtLuN
DGmn�rJM��JM� �*NP�

R
� svJM@oJ�N � @oqMN Ho@CJMs�D��GNMB�LvJM� � � JMm DG��mG� "�� "�� D "O�+� ���MDG@nB �v�GJM��NMm J�su@CD;}

mCD*FuprJ�LuD.�*NP@C@nDGp���D*m LuD�DGmn�rJM��J�LvJ�NP@CLuD*��LuD�s�NMHCDGFu�*B JMm LuD a
R

� NPx mnD 
CJO� �*NP@C@nDGp��iDGm���xuD
HoD*FuLuD*��J�HoNP@nFvJM@UN �tJM�ENP@yLuN�D��Os�NiDGFIHoD,D �ZD9HoB��PN �

α1ef

����DGFONP@<��xuD�N �MJt��NP@yJMmCmnB�FIHo{MHCB��*N

α1 = 1
� wyNP��N`D*mnHKJt��NPm�B�FIHoD*@CDGmnmoJMLONPm DG� mCB�HoxvJMp���D*m0NPFuLOD

R � a
N`D �ZDGBEHCN`LuD*mCmoJtm

�GNM@C@CD*p��iDGm 
�s�D*�ixODGFuN!svJt@oJbJ @nx � NPmnB�LvJtLuD0JMN �ixuJMLu@oJtLuNu� � � 
*� LuBEmCmnNu� svJt@oJ J�@Cx � NMmCB�}
LvJMLOD.HoD*��NMm JMsO@CN ��B���JMLvJM��DGFIHoD

0.02
(

a
R

)
3
2
��NPx�mCD 
CJ����*NP@C@nDGp��iDGm mCDG��su@nD.��DGFuNM@CDGm���xuD

2%
svJM@CJ0��xvJM����xuD*@

a < R
D���xuD�suJM@oJ

R � a
mCDAHCNP@CFuJM� sO@oJtHCB��rJt��D*F�HCD LuD*mCsu@nD��*�E�PD*B�m*�

z|NiLuD*��NPm �*NPFu�G�ExuB�@<D*FIHKqMNu� ��xuD�N��G@CD*mC�*B���DGFIHoN���B�FODrJM@ULuJ�@nx � NPmnB�LvJMLOD��*NP� N�HKJM��JMF��ON
LuD 
CJMFuD*� J 
,s�NPxu�GN�B�F �vx'&GFO�GB JtLuN s�D*� J �ZNP@n� J0LvJtm ��NP@nLvJMm LuNPm � @CqMNPm*�


 � � � -�3!5<7*-.1�� � �	79'*).3!-.1

� NMm���NiLuDG�ENPm ��xuD D*mnHCxuLvJM��NPm�FvJbmnDGprqtN�JtF�HCDG@nB�NP@AFuqMN �vJr�iB JbFuD*F���xu� HoBEs�N LuD �GNP@n@CD;}
� JtprqMN�DGFIHC@CD0Jtm JM��Hoxu@CJMm LuNPm � @oqtNPmG� ��N � N�J�@nx � NPmnB�LvJMLOD.�EN��GJM��JtHCB�F � B�J0N��tJM�ENP@<LvJ�@nx � Nt}
mCBELvJMLuD � �ENP�vJM��DG� xO� HKJM��JMF��ON�LOD 
CJtFuDG��J�sO@C{ ��B���N LuN�HoJM��JMF��uN LuN � @CqMN

(R ≈ l)
Dt�

s�NP@nHoJMFIHoNu��FuD*F���xu� �����������
	���� s�N�LuD*@CB�J mnDG@,NP�umnDG@��MJtLuNu� � �ixOB�FO{Pm,DGmnHCxuLvJM@nDG��NPm�LuNPB�m
��N�LuD*��NPmyNPFuLuD � D*@oJM��NPm<mCxOs�D*@ �Z���*B�D*m<�GNP� �*NP@C@nDG��JMp��iDGm<D*F�HC@CD�NPm � @CqMNPmG�uJ�svJt@nHoBE@ULuD,mCxi}
s�DG@ �Z�E�GBEDGm NM�OHoBELvJMm �GNP� NPmA��N�LODG��NMm ���u? ��D � l �O� �Z�PD*@AmCD*prqMN	�i�#� �;� !SmCmnDGm���N�LuD*��NPm
�ZNP@CJM� DGmC�*NP� �OB�LuNPm s�NP@ mCDG@nDG� @CDGsO@CDGmnDGFIHKJeHoBE�MNPm,LvJMmA�*� JMmnmCD*m�LuD xuFuB��PDG@nmoJM�EB�LvJtLuD��,z���D
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! ((� @CD*mCs�DG�9HoBE�tJM��DGFIHCDM��D s�NP@AFvqMN!sO@CNiLux��GBE@CD*� � @CJMFuLuD*m�LuB �ZD*@CDGFOprJMm�LuD�Jt�EHoxO@oJ �EN��GJMB�m
FvJ mCxOs�D*@ �Z���*B�Dt�

zXJM@CJ�NM�OHoD*@ J mCxOs�D*@ �Z���*B�D,�GNM� � @oqtNPm Fu{Pm mCB���xu� JM��NPm�NPm���NiLuDG�ENPm<���u? � D.� l �O���
DG� xu� mnxu�um�Ho@oJeHoN�LuD	HKJM��JMF��ON

L′
�UJtH�
	HoDG��s�NPm�mCx��v�*B�D*F�HCDG��DGFIHoD ��NPF � NPm�svJM@oJ ��xuD

JM��HKJMm>�*NP@C@nDG��JMp��iDGm � ��z��!NPx ! ( �
�ZNMmCmCD*� JtHCB�F � BELvJMm*�P� Jtm>��D*� JMFIHoD*@CBENP@CD*m"�,mCJtHoxO@oJMpGqMN
LvJ,@Cx � NPmCBELvJMLuDt�iLOD �ZNM@C��J�J�svJt@oJM�EDG��B �rJM@n��NMm>JMm��GNMFuLuB�p���D*m�LONPm �v����DGm
�vFONPm�@nDrJMBEmG��NPFuLOD
N �GNM��su@nB���DGFIHoN.LuDA�*NP@C@nDG� JtprqMN 
 mCDG��su@nD��0xuBEHCN���DGFuNM@y��xuD�N0HKJt� JMF��uN0LuN0mnxu�um�Ho@oJeHoN
�
1 � ξ|| � L′

�9� !�FIHoqMNbFu{Pm JM��su��B�JM��NMmU�rJMLuJ svJM@�Ho���*xu� J�LvJ�mCxus�DG@ �Z���GBED�s�NP@ xu� �kJtHoNP@

l
��DG� HCN�LuJMm�JMm�mnxvJMm

d = 2 + 1
LuBE��D*Fum �iDGm*��NP�OHoD*FuLuN xu��JbmCxus�DG@ �Z���*B�D �GNM� � @CqMNPm�LuD

HKJt� JMF��uN
l
DG� xu� mCxO�umnHC@oJtHCN`LuDb��JM@ � xO@oJ

L = L′l
� � J�� � xO@oJ "O� �	��NPm�Ho@oJt��NPm�xu�

D ��D*��su�ENbLuD Jt��su�EB JMpGqMN�LuD0svJM@�HoD0LOD0xu��J�mCxOs�D*@ �Z���*B�D ���u? ��s�NP@ xO� �kJtHCNP@
l = 4

D*�

d = 1 + 1
�

�|B � xu@CJ "O� ��Q"! ��DG��su��N�LuD.JM��su��B�JMprqMN.LuD,xu��J � @CD � JMLuN�� �O? �bs�NP@<xu� �kJeHoNP@
l = 4

�

zXJM@CJ�JMFvJM�EB�moJt@yJ B�F �vx'&GFO�GB J.LvJ �ZNP@C��J�LvJ0mnxus�D*@ �Z�E�GB�D LuN � @oqMN�FvJ DGmC�GJM� J0LuJ0@Cx � NMmCB�}
LvJMLOD��EN��GJM� �OJM� 
*� LuD�JM��su��B�JM@UJ�mCxOs�D*@ �Z���*B�D,�GNM� � @oqtNPm �uB�s�DG@n� �u�uBE�GNPm<LOD��kJM�*D,��B�mCJO�uFu{Mm
HKJt�0� 
*� xumCJM��NMm � @oqMNPm��*x

CJ �kJt�GD mCxus�DG@nB�NP@SHoD*� J �ZNM@C��J�JM@C@nDGLuNPFOLvJMLvJO�
!�m�HoD � HC@Cxu��xuD �
LuD Jt��su�EB JM@ xu��J mnxus�D*@ �Z�E�GB�D.FuNP@n� JM� � �ZNP@C��JMLvJ�s�NP@ svJM@nHC���*xu� JMm�� �*NP� � @oqMNMm LuD �ZNP@n� J
JM@n@CDGLONPFuLvJMLuJ�mCD JMmCmnDG��DG� �vJ JMN	su@nN��*DGLuBE��D*F�HCN LuD � 	 �G��xuD�� D*H�JM� 
��%
 ��suJM@oJ	D ��su��BE�rJM@
N �����������
	���� FvJ�@Cx � NMmCB�LuJMLuD���Ni�rJM��D*� xu� su@nN��*DGmnmCNbLuD.DG�ED*Ho@nN�LODGs�NPmCBEprqMN�LuD��v�E��D*m�LOD
NPxu@nNu� z|NM@ 
G�	�XFODGF���xu��J`JMF 	t��B�mnD�mCB�m�HoD*� 	tHCB��GJ LON D �ZD*BEHCN LvJ��ZNP@C��J	LON � @CqMN �ZNMB"�ZD*BEHoJ
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FvJM��xuD*��D�Ho@CJM�vJM� �uNu���ixOD�mnDG��xuD*@ �GB�HKJ0N���NiLuD*��N0��xuD �ZNPB xumCJMLuN�svJM@CJ�J�JM��su�EB JMpGqMNu�
zXJM@CJ�NM�OHoD*@ N � @CqMN��GNP� J mCxOs�D*@ �Z���*B�D�JM@n@CDGLONPFuLvJMLuJO�vDG�

d = 1 + 1
�OFu{Pm �GNP@�HKJM��NPm

N0HoNMs�N LuN � @oqMN ��xvJMLO@oJMLuN��*NP� xu� mCD*��BE�G��@n�Gxu�EN�LuD�@CJMB�N
r
DALuD*mC�rJt@nHKJt��NPm J0suJM@nHCD�LuN

� @CqMN ��xuD �v�GJ��ZNP@CJ LuDG�ED � �PDG@ � � xu@oJ "O� ¡�� J � �9� � DGmnmCD su@nN��*DGLuBE��D*F�HCNu� ��xvJtF�HCNb��DGFuNP@�N
@oJtB�N

r
LuN0mnDG��B�} �G��@n�Gxu�ENu�I��JMB�m�JM@C@nDGLuNMFuLvJMLuN 
AN � @CqMNu� !S�8FuNPmCmCJMmUmnB��0xu��JMp��iDGm�xumCJM��NMm

mCD*��sO@CD � @oqtNPmULuD�HKJt� JMF��uN
l = 32

D,mCDG��B�} �G�E@C�GxO��NPm�LuD�@oJMBEN
r = 16, 22, 28

D
34
�u�*x

CJMm

�ZNP@n� JMm�moqtN\��NPm�Ho@CJMLvJMm�FvJ � � xO@oJ�"O� ¡ �Z���9� !��
d = 2 + 1

� N�sO@CNi�GDGLOB���DGFIHoN svJM@oJ
su@nN�Lux��GB�@ � @CqMNPm JM@n@CDGLONPFuLvJMLONPm�
�N���DGmn��NO����JMm FuD*mCmCD��rJMmnN �GNM@nHKJt��NPm N � @oqtN�� �u�uB��*N
s�NP@Uxu��J0mCD*��B } DGm �ZDG@CJ0LuD�@oJMBEN

r
� � N �tJM��D*FIHoD,xumoJt��NPmyxu� HoJM� JtF��uN LuD � @CqMN

l = 32
D

mCBE�0xu��JM��NMmyNPm �rJtmCNPm
r = 22, 28

D
34
�

�XB � xu@oJ "O� ¡OQ J � !Smn�ixODG��JgB��ExumnHC@oJtHCBE�PN LuN su@CNi�GD*LuB���DGFIHCN xumCJMLuN�suJM@oJ JM@C@nDGLuNMFuLvJM@�J
mCxOs�D*@ �Z���*B�D�LuN � @CqMNu�S��� ! �OD*��sO��NPm LuD � @CqMNPm<LuD�HKJt� JMF��uN "I�0mCxvJr�iB �GJMLuNPm*�

� �0��NPm�NPm���NiLuDG�ENPm��ZNP@CJM� �*@CD*mC�GBELuNPm,DG� xu�
mCxO�umnHC@oJtHCN	LOD�HoJM��JMF��uN
L′ = 1024

DG�
d = 1 + 1

D
L′ = 128

D*�
d = 2 + 1

��NP�OHoD*FuLuNt} mCD�JMmnmCBE� mCxO�umnHC@oJtHCNPm�JM��sO��B JtLuNPm
LuD�HoJM��JMF��uNPm

L = 32768
D

L = 4096
� @nDGmns�D*�*HoB��tJM��D*FIHoDM� !S�

d = 1 + 1
�*@CD*mC�GD*��NMm
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�M P .JM��NPmnHC@oJMm*�iD�DG�
d = 2+1

�ZNM@oJM� �*@CDGmn�GBELvJMm �r P .Jt��NPm�Ho@CJMmG��?Am�@CDGmnxu�EHoJMLuNPm�LuD*mCmoJtm
mCBE�0xu��JMp��iDGmUD*mnHoqMN Jtsu@CD*mCDGFIHoJMLuNPm FvJMm su@n{ ��BE� JMm<mnxu�umnDGp��iDGm*�

� ������� ���
�#��	������$!�� � ��� � ! � !��$�
	�! � ��� � � 	 � 	�"�����!

� m mCxus�DG@ �Z���GBEDGm � �u? � �ZNM@oJM� �*@CDGmn�GBELvJMm!JtH 
 xu� HoD*��s�N
t = 500

D DGFIHoqMN �ZNPB �ZDGB�HKJ
J`JM��su�EB JMpGqMNu��DG�

d = 1 + 1
� � J�� � xu@CJ "O� ����NMmnHo@CJM��NPm�JMm0�GxO@n�tJMm�LuJ @Cx � NPmCBELvJMLuD

��Ni�rJt�
Wloc

DG� �ZxuFOprqMN	LuN HKJM��JMF��uN LvJ 
CJMFuD*� J!svJM@CJ!LuB �ZD*@CDGFIHCDGm�@oJMBENPm�LuD��GNP@�HoD
r
��?

�rJtmCN
r = ∞ �GNP@n@CD*mCs�NPFuLuD�JMN � @oqMN���xvJMLu@CJMLuNu�yz|NiLuDG��NPm NP�umCD*@n�tJM@ FuDGmnmoJMm��Gxu@��tJMm xu�

�����������
	���� LuDbxu� �*@CDGmn�GBE��D*F�HCN`@�	tsuB�LuN�LuD
Wloc

�GNP�
R
svJt@oJ�xO� �*@CD*mC�GBE��D*FIHoN`��JMB�m

��D*FIHoNu� !SmnHCB���JM��NPm N�HKJt� JMF��uN�LOD 
CJMFuD*� J
Rc

FuN��ixuJM�|Ni�GNM@C@CD�DGmnmCD �����������
	���� JtHC@oJr� 
*m
LuN�s�NPFIHCN NPFuLOD JMm�@CD9HKJMm.LuD�J 
nxumnHCD LvJtm�@CD � B �iDGm,�EB�FuDGJM@CD*m

R � Rc

D
Rc � R � L

mCD��G@Cx��rJM� �k�GNM��N�B���xOmnHo@CJMLuN�FvJ � � �,�i� % �;�,?A�OHoD*��NMm
Rc

�tJM@CB�JMFuLuN�LuD
Rc = 40

��suJM@oJ

r = ∞ �vJtH�

Rc = 28

�usvJM@CJ
r = 16

�

�XB � xu@oJ "O� �iQ � x � NPmnB�LvJtLuD0��Ni�rJt� �tJM@nB JMFuLONb�GNP� NbHKJM��JMF��ONbLuD�
CJMFuD*� J suJM@oJbN!��N�LODG��N
���u? � Jt��su�EB JMLON0DG�

d = 1 + 1
D

t = 500
�

� s�{Pm N �����������
	���� � J�@nx � NPmnB�LvJMLOD��EN��GJM� FvqtN LuD*s�D*FuLuD�LuJ �ZNP@n� J LuN � @oqtNu�vNPx mnD 
CJO�



�!��� � �	����� � 
 � � � ������� � 
 �*�

�vxOHCxvJMp���D*mXLuDyJM�EHCxu@oJ LuDys�DG��xuD*FvJADGmn�rJM��J�FvqtN moqtN s�DG@C�*DG�uBELvJMm*� !SF�HoqMNu� �kJ��GD*FuLuN�J 
nxOmnHoD*m
��BEFuDrJt@CDGm�FvJb@CD � B qtN

Rc � R � L
NP�OHCDG��NPmANbD��Os�NiDGFIHoD

α2 = 0.50 ± 0.01
� ��xuD D*mnH�	

LuD�JM�*NP@CLuN��*NP� N �tJM��NP@yDGmCs�DG@CJMLuN�svJM@oJ�J �G��JMmCmnD ��z��^DG�
d = 1 + 1

�
!S� s�DG��xuD*FuNPm�HKJM��JMF��uNMm�LuD�
CJMFuD*� J

(R � Rc)
�<J DGmC�GJM� J LvJ @nx � NPmnB�LvJtLuD ��Ni�rJM�

JMsu@nDGmnDGFIHKJ�xu� J�LuD*s�D*FuL'&GFO�GB J�mCB � FuB �u�rJtHCBE�tJ0�GNP� J �ZNP@n� J LuN � @CqMNu��zXJM@CJ�N � @oqtN���xvJ }
Lu@CJMLuN

(r = ∞)
�|HCDG��NPm�N`�*@CD*mC�GBE��D*FIHoN`�EB�FuDGJM@,LuD

Wloc

�*NP�
R (α1 = 1.00 ± 0.03)

D�J ��DGLuBELvJ^��xuD�HCNP@CFvJt��NPm N � @CqMN ��JMBEm�JM@C@nDGLuNPFOLvJMLuNu��DGm�HoD �*@CD*mC�GBE��D*FIHoN mCD�HCNP@CFuJ
� @CJMLuxvJM�E��D*FIHoD ��JMB�mA�EDGFIHoNO��z|JM@oJ!N � @oqtN	�*NP��J!mCxOs�D*@ �Z���*B�D���JMB�mA�*xu@n�tJMLuJ

(r = 16)
�

HoD*��NMm<xu� D ��s�N�D*FIHoD
α1 = 0.87 ± 0.02

�

�XB � xu@oJ "O� 
�Q � x � NPmnB�LvJtLuD0��Ni�rJt� �tJM@nB JMFuLONb�GNP� NbHKJM��JMF��ONbLuD�
CJMFuD*� J suJM@oJbN!��N�LODG��N
���u? � Jt��su�EB JMLON0DG�

d = 2 + 1
D

t = 350
�

!S�
d = 2 + 1

�u�*@CD*mC�GD*��NMm�N�LuDGs�{PmnBEHoN����u? �!JtH�

350

�GJM��JMLvJMm<LuD,svJt@nHo�E�Gxu��JMmG� �
�tJM@CB�JMprqtN.LvJ.@Cx � NMmCB�LuJMLuD �EN��GJM� �GNP�

R
D*mnH 	0��NPm�Ho@oJtLvJ.FuJ�� � xu@CJ "O� 
O� � mCmCBE� �GNP��N�D*�

d = 1+1
�tFO{Pm|NM�umCD*@n�tJM��NPm�xu� �����������
	���� �e��xuD�JM��xuB�Ni�GNM@C@CD�D*� Rc = 30±2

�ts�NP@�HKJMFIHCNu�
�GNM� �Z@CJM�rJ LuDGs�DGFOL'&GFu�*B J D*�

r
�|zXJM@CJ N � @oqMN � �u�OB��GN �

r = ∞ �9� Wloc

�G@nDGmn�GDU�EB�FuDGJM@C��DGFIHoD
�GNM�

R
D*� s�DG��xuD*FuNPm>HoJM� JtF��uNPm|LuD 
CJMFuD*� JO�eDUsvJt@oJ N � @oqtNA� JtB�m|JM@C@nDGLuNPFOLvJMLuN �

r = 22
�



�!��� � �	����� � 
 � � � ������� � 
 ��


HoD*��NMm
α1 = 0.85 ± 0.02

� � J @nD � B�qMN
Rc � R � L

NM�OHoB��PDG��NPm.N`D ��s�N�D*F�HCD
α2 =

0.40 ± 0.01
�u�*NPF��ZNP@n��D�D*mCs�DG@oJtLuN�suJM@oJ�J��G� JtmCmCD �,z��X�usvJM@CJ0HoNiLuN

r
�

?AmXD ��s�N�D*FIHoDGm
α1 ≈ 1

D
α2 ≈ 0.4

DGmnHoqMN D*� ��NM�(JM�GNP@nLuN �*NP�(JM��xuD*��DGm|DGFu�*NPFIHo@CJMLuNPm
FvJ ��JMBENP@CB�JbLuNPm�HC@oJM�vJt� �uNPm�D ��s�DG@nB���DGFIHKJMBEm.�*NP� J su@nDGmCD*FuprJ^LuD � @oqtNPm�FvJ�mCxus�DG@ �Z���GBEDM�
� mnmCBE��� DGmnmCD ��NiLuD*��NgD*mnH�	"�*NPF��v@n� JtFuLuN\��xuDM��LuD �kJtHCNu� Jtm!�GNP@n@CDG��JMp��iDGm DGFIHo@nD � @oqMNMm
s�N�LuD*� mCD*@ JMmCmnN��*B JMLvJtm ���*� JMmnmCD �,z�� FuD*mCmCD*m HC@oJM�uJM� �uNMmG�

��� �*NP@nHCD LOD xO� J\B�FIHCDG@ �kJt�GD NP�OHCB�LvJ\�GNM� DGmnmCDg��NiLuDG�ENu� DG�
d = 2 + 1

�AD*mnH 	
��NPmnHC@oJMLvJ FvJ � � xu@oJ "O� %��<NPFuLuD�s�NiLuDG��NPm�FuNMHoJM@���xuD`JMm��tJM@nB JMp���D*m�LuD`JM�EHCxu@oJ DGFIHo@nD
� @CqMNPm�FvqMN�mCqMN��0xuB�HoN � @oJtFuLuDGm �k�GJM@oJM�9HoD*@C��m�HoBE�rJ LON���NiLuD*��N � �u? ���;� !SmnmoJ � � xO@oJ mnD
JMmnmCDG��DG� �vJ��vJMmnHoJMFIHoD.�GNP���*NP@nHCDGm LuD�mnxus�D*@ �Z�E�GB�D*m LuD��v�E��D*m��vFuNPm @CDGJMB�m ��NPmnHC@oJMLuNMm�FvJtm
@CD �ZmG� 
�� 
O� �&�u��� ¡ � ��NMFuLuD�NMm D ��s�N�D*FIHoDGm�D*Fu�GNMF�HC@oJMLONPm �*NPFu�GNM@CLvJM� �*NP�

α1 ∼ 1
D

α2 ∼

0.4
�

�XB � xu@oJ/"O�#%OQ wyNP@�HoD.LuD�xu��J�BEFIHoDG@ �kJM�GD.NP�OHCB�LvJ�s�D*��N���NiLuDG�EN ���u? ��Jt��su�EB JMLON�D*�
d =

2 + 1
�

� ����� � ���
�#��	������$!�� � ��� � ! � !��$�
	�! � � ��� � 	 ��	�"����$!

� {MmU�GNPFOmnHo@nxu����NPmyHoJM�0� 
G�8mCxus�DG@ �Z���*B�DGmyFvJ0�G��JMmCmnD !)((��svJM@CJ��PDG@nB �v�GJM@ J0B�F �vx'&GFO�GB J.LvJ
�G��JMmCmnD,LuD.xOFuBE�MDG@CmCJM��BELvJMLuD�LON���N�LODG��N�Jt��su�EB JMLON0FuNPm @CD*mCxu��HKJMLONPm NP�OHoBELuNPm FvJ�mCxu�OmCDGpGqMN
JMFIHoD*@CBENP@G� !S�

d = 1 + 1
��Fu{Pm �G@nDGmn�GDG��NPm�J`mCxOs�D*@ �Z���*B�D!svJt@oJ`N^��N�LuD*��N^� l �O� JtH�




�!��� � �	����� � 
 � � � ������� � 
 �-%

xu�
HCDG��s�N
t = 1000

� � m��Gxu@��tJMm�LvJ @Cx � NPmCBELvJMLuD���Ni�rJt�>moqMN�su@oJeHoB��GJM��DGFIHoD�B�L &GFIHoBE�rJMm
�M��xuD*� JMmb��NPm�Ho@oJtLvJMm FuJ � � xu@CJ "O� �i�<svJM@oJ�N\��NiLuDG�ENg���u? ���<?
HKJt� JMF��uN�LuD 
CJtFuDG��J
DG� ��xuD�N��*NP@C@nD�N �����������
	���� (Rc)

�MJt@CB J^FuNgB�FIHoD*@n�tJM��N
31 6 Rc 6 46

�UFuN �tJM��D*FIHoD
LuBE��BEFixOB�FuLuN��GNP�

r
�

?AmXD ��s�N�D*FIHoDGmXNP�OHoBELuNPm FvJMm|@CD � B �iDGm|JMFIHoDG@nB�NP@ Dys�NPm�HoDG@nB�NP@|JMN �����������
	���� HoJM�0� 
G� mCqMN
B � xvJMB�m �kLODGFIHo@nNbLvJMmA�uJM@C@CJMm LuD�DG@C@nN ��JtNPmANP�OHCB�LuNMm�svJt@oJ Nb��NiLuDG�ENb���u? ��� � mnmCN!mnx � DG@nD
��xuD�DGmCmnDGm�D ��s�NiDGFIHCDGmG��svJM@CJ

R � Rc

� mC{�LuD*s�D*FuLvJM��LvJ �ZNP@C��J0LuN � @oqtN�D,FvqMN�mCN �Z@oJM�
FuD*F���xu� J.B�F �vx &GFu�*B J,LvJMmy�*NP@C@nDG��JMp��iDGm�DGFIHo@nD � @CqMNPm*�) �DG�0�u@CJM��NPm���xuDt�OD*�

d = 1+1
�IN

D ��s�N�D*FIHoD�LvJ�@nx � NPmnB�LvJMLOD�LuJ��*� JMmnmCD�!)( �k��N�LuD*��N�� l �O� � 
,B � xvJM��JtN�LvJ��G��JMmCmnD �,z��
�k��NiLuDG�EN � �O? ���9�
!S�

d = 2 + 1
� �G@CD*mC�*DG��NPm,J mCxOs�D*@ �Z���*B�D � l �O��JtH�
�xu� HCDG��s�N

t = 500
DM� �*NP��N

��NPmnHC@oJM��NPm FvJ�� � xu@oJ "�� �  ���Nb�*NP��s�NP@�HKJM��DGFIHCN�LvJ�@CD � B qMN
R � Rc


�B�L'&*F�HCB��*NbJMN�LuN
��N�LuD*��N����u? ���u�*NP� D ��s�N�D*FIHoDGm �tJM@CB�JMFuLuN FON�BEF�HCDG@��MJt��N

0.85 . α1 . 1
�

�XB � xu@oJ "�� �  �Q�� x � NPmCBELvJMLuD��EN��GJM���tJM@nB JMFuLON �GNP� N�HKJt� JMF��uN LuD 
CJMFuD*� J0svJM@CJ�N���N�LODG��N
� l �O� JM��su��B�JMLuN.DG�

d = 2 + 1
�

!SmnHoBE� JtFuLuN0N0HoJM� JtF��uN0LuD 
CJtFuDG��J�NPFuLuD�Ni�GNM@C@CD N �����������
	���� D*Fu�GNPFIHC@oJM��NPmU�tJM��NM@CDGm



�!��� � �	����� � 
 � � � ������� � 
 ¡M 

FuN`BEFIHoDG@��tJM��N
40 6 Rc 6 50

�|xu� s�NPxO�GN`Jt�GB���J LuN HKJt� JMF��uN � 
GLuBEN�LON � @oqtNu� � mCmCN
s�N�LuD,D*mnHKJt@ �EB � JtLuN�JMN �kJtHoN�LuD���xuD�FvqMN�LuD*�MDG��NPm�J 
nxumnHoJM@ J�@nD � B�qMN

Rc � R � L
s�NP@

xu��J�@nD*HKJbFON � @�	 �v�GN  �N � }  �N � � s�NPB�m*� �GNM��N�LuB�mn�GxOHCB���NPm�FuJbmCDGpGqMN	���+�u��DG�
d = 2 + 1

DGmns�D*@oJM��NPm xu� �*NP��s�NP@�HKJM��DGFIHCN\��N � Jt@C�EHC��BE�GN LvJ"@Cx � NMmCB�LuJMLuD^FvJ\�G��JMmCmnD !)((� !SmnmCD
�GNM��s�NP@nHoJM��DGFIHoN 
�NP�OmCDG@��tJMLuN�FvJ � � xu@CJ/"�� � �M�uNPFuLuD,��NPmnHC@oJM��NPm

Wloc
	�������	 �  �N � (R)

D,NP�OHCDG��NPm<xu��J�@nD*HoJ�D*� xu��J s�D*�ixODGFvJ�@CD � B qMN NPFOLuD
Rc � R � L

�

�XB � xu@oJ "�� � �MQ,� x � NPmCBELvJMLuD���Ni�rJt�|�tJM@CB�JMFuLuN!�*NP��N ��N � JM@C��Ho��N LuN HKJM��JMF��ON!LvJ�
CJtFuDG��J
svJM@CJ N���NiLuDG�EN�� l ��� JM��sO��B JtLuN�D*�

d = 2 + 1
�

?Am�@nDGmCxO�EHKJtLuNPm svJM@oJ
R � Rc

� ��xuD.moqMN�B�L'&*FIHoB��*NPm svJM@oJ�JM�0��NPm NPm ��NiLuD*��NPm ���u? �
D�� l �O� JM��su��B�JMLuNPm*� DGm�HKqMN	��NPmnHC@oJMFuLON	��xuD�N	D ��s�N�D*F�HCD

α1

D �ZD9HoBE�MN���DGFONP@���xuD�xO���
DGFO�GNPFIHo@CJMLuN.FvJ���JMBENP@CB�J�LuNPm�Ho@CJM�vJM� �uNPmSD��Os�DG@nB���DGFIHKJtB�mG��mnD LOD*�PD�� �ZNM@C��J,LuJ�mnxus�D*@ �Z�E�GB�D
LuN � @oqtNu� � mCmCN�D ��su�EB��GJ�s�NP@n�ix &.D*� �0xuB�HoNPmUHC@oJM�vJt� �uNPm<D*mCmnD�D ��s�N�D*FIHoD��G@CD*mC�*D � ��D*LuB�LuJ
��xuD N � @oqtN^mCD!HoNP@nFvJ`��JMB�NP@�D!��JMB�m �kJt�GD*HoJMLuNu� ! �Os�NiDGFIHoD*m�sO@C{ ��B���NPm0LuD

1
�kxu� �.B�Fi}

LuBE�rJM� ��xuD J mnxus�D*@ �Z�E�GB�D�LuN � @CqMN 
bsO@oJtHCB��rJt��D*F�HCD �EB�moJ��`z|NM@0NPxOHC@CN`��JMLuNu�|D ��s�NiDGFIHCDGm
��DGFuNP@nDGm.mCx � D*@CD*� ��xuDbN � @oqMN	HoDGF��vJ xu��J��ZNP@n� J � JtB�m.JM@C@nDGLuNPFOLvJMLvJO� � � 
G� LuB�mnmCNu�
�GNM��N	��BE��NMm.FvJ`mnDGpGqMN JMFIHoD*@CB�NM@.svJt@oJ N � @oqMN	Ho@oJts�D��GNPBELvJM� � xu� JM@C@nDGLuNMFuLvJM��DGFIHoN LvJ
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��NP@CLvJ.LuN � @oqtN0HKJM�0� 
G�8s�N�LuD���D9�MJt@��0@CD*LuxuprqtN LuD
α1

D �ZD*HCBE�PNO� � mCmCN�FuNMm<��D*�tJ �0BEF��ZDG@nB�@
��xuD D ��s�NiDGFIHCDGm��

α1

�S��DGFONP@CD*m�LON.��xuD
0.85

�iD*Fu�GNMF�HC@oJMLONPm�D*��� 	M@CBENPm>Ho@CJM�vJM� �uNPm*�ILuD*�MDG�
DGm�HKJM@ JMmnmCNi�GB�JMLuNPm � � @CqMNPm �Gx

CJ mnxus�D*@ �Z�E�GB�D 
�JM@n@CD*LuNPFuLvJtLvJO� JMmnmCB�� �GNP��N�mCxvJ���NP@CLvJ��

?AxOHo@CJ �*NPFu�G�ExumoqtN�BE��s�NP@nHoJMFIHoDS��xuD�s�NiLuD*��NPm�HCB�@oJt@�LuDGmnmCDGmX@CDGmnxu�EHoJMLuNPm 
���xuDyJ DGmn�rJM��J
LvJg@nx � NPmnB�LvJtLuD D*�

R � Rc

FvqMN 
 B�F �vxODGFu�*B JMLvJ mCB � FuB �u�rJtHCBE�tJM��DGFIHoD s�DG��N HoB�s�NgLOD
�GNM@C@CD*� JMpGqMN^D ��BEmnHoD*FIHoD	DGFIHo@nD�NPm � @oqMNPm*� l J ��D*mC��J��ZNP@C��JO��J^DGmC�GJM� J^D*�

R � Rc



B�FOLuDGs�DGFuLODGFIHoD�LvJ �ZNP@C��JbLuN � @CqMNu��?8HoJM��JMF��uN!LuD 
CJMFODG� JbNMFuLuD�N��*NP@C@nD N �����������
	���� �
s�NP@ NPxOHC@CN � JMLuNO��Jtsu@CD*mCDGFIHoJ xu��J s�DG��xuD*FvJ �tJM@nB JMpGqMN^�GNM� J �ZNM@C��J LON � @oqMNu����JMm 

mCD*��sO@CD`LvJ���DGmn� J NP@CLuD*� LONgHKJM��JMF��ON�LuDGm�HoD

(Rc ∼ l)
�(zXJM@CJ�N���NiLuD*��N����u? �

DG�
d = 2 + 1

�yD*mnHCD JMsO@CDGmnDGFIHKJ �MJt@CB Jtp��iDGm �0xuB�HoN s�DG��xuDGFuJMm �*NP� J �ZNP@C��J^LuN � @oqMN
N ��xuD�mCx � DG@CD���xuD D*mnHoBE� JeHoBE�tJMm�LOD

Rc

s�NiLuDG��mnDG@���NIJMm�DGm�HoBE� JtHCBE�tJMm�LuD
l
� � mCmCN mCDG@ 	

�GNMF��v@C��JMLuN�s�NP@<@CD*mCxu��HKJMLONPm<�GNP� NPxOHo@nNPm ��NiLuD*��NPmUFON�sO@C{ ��B���N��GJMsu��Hoxu�ENu�

� ������� ���� �!��#"��$����� 	��
�$"�� × ���� �!��#"��$����� � 	 �

�|JM�0� 
G� �rJM�E�Gxu��JM��NMm�J�@Cx � NMmCB�LuJMLuD0��xvJMLO@�	tHCB��rJ���Ni�rJM��FuNPm ��NiLuDG�ENPm�JMFIHoDG@nB�NP@nDGm*� svJM@CJ
�PD*@CB �v�rJM@�mnD�N �GNP��s�NP@nHoJM��D*FIHoN su@CD9�iB�mnHCN FONPm���NiLuDG�ENPm LuD @CD*LuD�s�DG@nB�{iLuB��GJ^LuD � @oqMNMm
�
W2loc

D*mC�rJt� JMFuLON��*NP�
R
�ymCD��GNMF��v@C��J0svJM@CJ�J @nD � B�qMN

R � Rc

�
� J � � xO@oJ "O��� �`��NPm�Ho@CJM��NMm0JMm��GxO@n�tJMm�LuD

Wloc

D
(W2loc

)1/2 ≡ Wrms,loc

svJM@CJ`N
��N�LuD*��N ���u? ��Jt��su�EB JMLON`DG�

d = 1 + 1
��D	FvJ � � xO@oJ "O� �&" D*�

d = 2 + 1
� zXJM@CJ

R � Rc

��JMmU�*xu@n�tJMm�moqMN0sO@oJtHCB��rJt��D*F�HCD BEL'&GFIHoBE�rJMm*���*NP��N�LuD9�PDG@n� JM��NPm�DGmCs�DG@CJM@G��z NP@ 
*���
svJM@CJ

R � Rc

�iD*mCmCJMmy�*xu@n�tJMm�LuB �ZD*@CD*���I�*NP�
Wloc ∼ R

D
Wrms,loc ∼ R1/2

��N.��xuD B�FOLuB��GJ
��xuD

W2loc
∼ R

�v�GNP��N�NP�OHoB��PD*��NPm<suJM@oJ�JMm @CD*LuDGm s�DG@nB�{iLuB��GJMmULuD � @CqMNPmG�
z|NiLuDG��NPm FuNMHoJM@�JMB�FOLvJ FuJ � � ��"O��� �<��xuDyJ �GxO@n�tJ LOD

Wrms,loc

�*@CDGmn�GD�mCDG�(Jtsu@CD*mCDGFIHoJM@
�����������
	���� D`DGm�HoD 
`LOB �v�*B�� LuD`mCD*@bFuNMHoJMLuN�D*� "�� �$"�� � mCmnN\mCD`LuD9�PD JMN �kJtHoN�LOD`��xuD

α2 ≈ 0.5
DG�

d = 1 + 1
�
α2 ≈ 0.4

DG�
d = 2 + 1

D
α1 ≈ 0.5

��LODGB �OJMFOLuN N �����������
	����

B���s�DG@C�*DGsOHC�E�MDG� �
!�mnmCD,@CD*mCxu��HKJMLON mCx � D*@CD,��xuD�DGm�HoBE� JM@yD ��s�NiDGFIHCDGm LuD�DGmn�rJM��J J svJM@nHCB�@�LvJ
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�XB � xu@oJ "O��� ��Q
Wloc

� ◦ �AD Wrms,loc

�
�
�;�|�tJM@CB�JMFuLuN	�GNM��N�HKJt� JMF��uN�LuJ�
CJMFODG� J

R
D*�

d = 1 + 1
�usvJM@CJ�N���N�LuD*��N ���u? � JM��sO��B JtLuNu�

�XB � xu@oJ "O���$"OQ
Wloc

� ◦ �AD Wrms,loc

�
�
�;�|�tJM@CB�JMFuLuN	�GNM��N�HKJt� JMF��uN�LuJ�
CJMFODG� J

R
D*�

d = 2 + 1
�usvJM@CJ�N���N�LuD*��N ���u? � JM��sO��B JtLuNu�

@Cx � NPmCBELvJMLuD @C��my��Ni�rJt��D*� mCxOs�D*@ �Z���*B�D*mU�GNP� � @CqMNPmUs�N�LODA��D9�MJt@UJMN LuD*moJMsuJM@CD*�GB���DGFIHCN LuN
�����������
	���� �
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zXJM@CJ�N���NiLuDG�EN�� l �O�,�MNP�umnDG@��MJt��NPmSxO���GNM��s�NP@nHoJM��DGFIHoNABEL'&GFIHCB��GNAJMN�DGFu�*NPFIHo@CJMLuN
svJM@CJgN���N�LODG��N ���u? � FvJg�*xu@n�tJ

Wrms,loc

��� � � "O��� � �9�<D*�
d = 1 + 1

� !S�
d =

2 + 1
N��*NP��s�NP@�HKJM��DGFIHoN LvJ�@Cx � NPmCBELvJMLuD`JMN���xvJMLu@CJMLuN�HoJM�0� 
G� 
^JMF 	M�EN � NgJMN�LuN

��N�LuD*��N����u? ����� JMm�s�N�LuD*��NMm��MDG@UFuJ�� � xO@oJ "O� � ����xuD FODGmCmnDA�rJtmCN�N �����������
	���� 
���JMB�m
su@nNPF�xuFu�GB�JMLuN�s�NPB�m*�usvJMmnmoJM��NPm LuD,xu� D��Os�NiDGFIHoD

α1 ≈ 0.5
svJM@CJ

α2 ≈ 0
�

�XB � xu@oJ "O���&�uQ
Wloc

� ◦ �AD Wrms,loc

�
�
�;�|�tJM@CB�JMFuLuN	�GNM��N�HKJt� JMF��uN�LuJ�
CJMFODG� J

R
D*�

d = 2 + 1
�usvJM@CJ�N���N�LuD*��N � l �O� Jt��su�EB JMLONu�

!SmCmCD*m!@CD*mCxu��HKJMLuNMm��*NPF��v@n� JM� Ng@CDGmnxu�EHoJMLuN NP�OHoBELuN svJM@oJ JMm @nDGLuD*mbs�DG@CBE{�LOB��rJtm�LOD
� @CqMNPm D �*NP@C@nNP��NP@oJM� J��*NPFu�G�ExumoqtN LuD ��xuD N��G@nDGmn�GB���DGFIHCN �EB�FuDGJM@!LvJ @nx � NPmnB�LvJtLuD 

JMs�DGFvJtmSxu��D �ZDGBEHCN � DGNP� 
*HC@CBE�GNAD<FvqtN�xO� JA�*NPFumCD*���uDGFu�*B J,LuD<xu��JALuB�F��M��BE�rJ suJM@nHCB��GxO� JM@
LuD �G@nDGmn�GB���DGFIHCNgB�FIHCDG@CFON LON � @CqMNu� � � 
G�4LOB�mCmnNu�yD*mCmnD�D �ZDGBEHCN LOD �����������
	���� FuqMN H &G�
FuD*F���xu� J�@CDG��JMprqtN��*NP� DGmC�GJM� J JMF �P��JM� J��u�GNP��N 
.mCx � DG@CBELuN D*� JM� � xOFum�LONPm�HC@oJM�vJt� �uNPm
LuBEmC�Gx�HoB�LONPm<FvJ�mCDGpGqMN ��� �i�
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� � ������


� �
	 �
��� =X-�3������,-

?Am���NiLuDG�ENPm�JMsu@nDGmCD*FIHKJMLuNMmyFuN.�rJMsu��Hoxu�EN�JMFIHoDG@nB�NP@*�iJMs�D*moJM@�LuD D ��su�EB��GJM@CD*� JMm�sO@CB�FO�GB�suJMB�m
su@nNPsu@CBEDGLvJtLuDGm0LuJ`DGmC�GJM� J`LuJ`@Cx � NMmCB�LuJMLuD D*� mnxus�D*@ �Z�E�GB�D*m0�GNM� � @CqMNPm*�SDG@oJt� �vJtmnHKJtF�HCD
mCBE��sO��B �u�rJMLuNMmyD�FvqMN HCB�F��vJt� LuBEF �M��B��GJ�LuD��G@nDGmn�GB���DGFIHCN���xuD,LuD*s�D*FuLuDGmnmCD.LvJ su@CD*mCDGFOprJ
LuNPm � @CqMNPmG� � DGmnmCD.�rJMsu��Hoxu�EN�JMsu@CD*mCD*F�HoJM@CD*��NMm xu����N�LODG��N�LuD�LuD*s�NPmnB�pGqMN�LOD � @CqMNPm ��xuD
FuNPm�s�DG@C��BEHCD DGm�HoxuLvJt@.HKJt�0� 
*�
D �ZD*BEHCNPm.LOD�mnxvJ�LuBEmnHC@CB��OxuB�pGqMN LuD�HoJM��JMF��uNPm,D*� HCNP@CFON
LuNbHoJM� JtF��uNb� 
GLuBENu� � � 
G� LuBEmCmCNO� �GNP��NbNP��HoDG��NPmA�*NP@C@nDGp���D*m�LuD DGmn�rJM��J �0xuB�HoN �ZNP@�HoD*m
FuD*mCmCD ��NiLuDG�EN DG�

d = 2 + 1
� xu��J�JMF�	M��BEmCD�LuD LOB�mnHC@CBE�uxuB�p���D*m�LuD @nx � NPmnB�LvJtLuD�
 �ZDGB�HKJ

svJM@CJ �GNPF��u@C��JM@<mCxvJ��G��JMmCmnD,LuD,xuFuBE�MDG@nmoJM�EB�LvJMLODM�
wyNP��NbLuB�mn�GxOHCB���NPm FuJbmCDGpGqMN	���+�u� D*� su@CJtHoBE�rJM��DGFIHCD.HoNiLuNPm NPmA��N�LuD*��NPm�LuD0�*@CDGmn�GB }

��DGFIHoN LuD"�v����DGm��vFuNMm|D*� @nDGLuDt�M�*NPFumCBELuDG@CJM��NPm J LuD*s�NMmCB�pGqMN LOD�svJt@nHo�E�Gxu��JMm�LuD�HKJM��JMF��ON
xuFuB�H 	M@nB�N �kB � xvJM�|JMN!svJM@ �M��D9Ho@nN!LuD @CD*LuD �;� � D*mCmnD�HC@oJM�uJM� �uN su@CNPs�NP��NPm xO� ��N�LuD*��NbLOD
�G@nDGmn�GB���DGFIHCN0DG�8��xuDM�vJtN�B�FI��
Gm<LuD�LuDGs�NPmCB�HKJM@n��NMm�svJt@nHo�E�Gxu��JMmG�iFu{Pm�LuDGs�NPmnBEHKJt��NPm � @CqMNPmG�
NPx�mCD 
CJO�U�u�EN��*NPm �ZNP@C��JMLuNMm s�NP@ � 	M@nB JMm�svJM@�Ho�E�Gxu��JMm LuD!HKJM��JMF��ON xOFuBEH�	M@CBENu��z|NP@�mCBE��}
su�EB��GBELvJMLuDt� Fu{Pm,�*NPFumCBELuDG@CJM��NPm � @oqMNMm �uB�s�DG@n� �u�uBE�GNPm*��NPx mnD 
CJO��D*�

d = 1 + 1
N � @oqMN�


¡*�
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xu� �ixuJMLu@oJtLuN LuD!� JMLON
l
��D!D*�

d = 2 + 1

!xO� �GxO��N LuD!��JMLuN

l
�\? su@CNi�GD*mCmCN LuD

LuD*s�NPmnB�pGqMN 
0svJM@nDG�*B�LuN!�*NP� xu��J LuD*s�NMmCB�pGqMN JM�EDrJtHC{P@CB�J �Z�MDG@�mnDGprqtN �i�#�u��� �;� NPFuLuD � @oqMNMm
moqtN J � @CD � JMLuNMm0JM�EDrJtHCNP@CB�JM��D*FIHoD�xuFum mCNM�u@CDbNMm0NPxOHC@CNPm*�S�GNP� LuxvJMm �kJt�GDGm�svJM@oJt��DG��JMm0JtN
mCxO�umnHC@oJtHCN!D mCDG� J B�FIHCDG@Cs�DGFOD*Ho@CJMprqtN!LuNPm � @CqMNPm*� �GNPF �ZNP@C��D�BE��xum�Ho@oJt��NPm FvJ � � xu@oJ �O� �P�
!S�

d = 1+1
�IN.JM� � NP@C��Ho��N LuD LuD*s�NPmnB�pGqMN�
 N�mCD � xuB�FIHCDMQ>svJt@oJ�xu� � @CqMN�LuD<HKJM��JMF��uN

l
�

B�FOB��GB�JM����DGFIHCDymCNM@nHoDGJM��NPmyJt��DrJeHoNP@nB JM��DGFIHoDUJ�s�NPmCBEprqMN
i
LuD�BEFu���*B�N�LuN � @oqtNu�ID �MDG@nB �v�GJM��NMm

��xvJM��
.J���JMBENP@UJM��Hoxu@CJ
hmax

LuN�J � @nD � JMLON�FON�BEF�HCDG@��MJt��N
[i, i + l − 1]

�k�*NP� �*NPFuLuBEp��iDGm
LuD �*NPFIHoNP@nFuN!s�D*@CBE{�LuBE�rJMm��9��!SFIHKqMNu��J!Jt�EHoxO@oJ LuD0HCN�LON!DGmCmnD�B�FIHoD*@n�tJM��N mCD0HoNM@CFvJbB � xvJM� �
��JMB�NP@yJM�EHCxu@oJ0LODG��D�JM�*@CD*mC�GBELvJ�LuN HKJM��JMF��uN LON � @CqMNuQ

hj = hmax + l, j ∈ [i, i + l − 1].
� �u��� �

!S�
d = 2 + 1

� N su@nN��*DGLuBE��D*FIHoN�LuD.LODGs�NPmCBEprqMN�
.N���D*mC��NuQ�mnNP@nHCDrJM��NPm�J�s�NPmCBEprqMN�LuD
xu�8�rJMFIHCN0LuN � @CqMN�LuD �vFuBELvJ�s�NP@

(i, j)
���PD*@CB �v�rJM��NPm��ixuJM� 
�J�JM�EHCxu@oJ�� 	 ��BE� J

hmax

FuN
B�FIHCDG@n�tJM�EN {[i, i + l − 1] , [j, j + l − 1]} D,J JM��Hoxu@CJ0LuDGm�HoD,B�FIHoD*@n�tJM�EN0mCD�HoNM@CFvJ hmax + l

�

�XB � xu@oJ �u���PQ !SmC��xuD*� J0BE��xum�Ho@oJeHoBE�MN.LON su@CNi�GD*mCmCN LODALuDGs�NPmnB�prqtN0LuD � @CqMNPm�DG�
d = 1 + 1

�
wyNP� ��BEF��vJMm �GNMF�HC��F�xvJMm�HoDG��NPm � @oqtNPm 
 	bJ � @CD � JMLuNPm*�A?Am � @oqMNPm �GNM� �EB�F��vJ�s�NPFIHoB�� �vJMLvJ
@CD*su@CD*mCD*F�HoJM� JMm s�NPmCBEp��iDGm<LuD.J � @nDGprqtN�LONPm � @oqMNMm<B�Fu�*B�LuD*F�HCDGm��k�*NP� mnD*HKJtm �9�
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wyNP��N�s�N�LODG��NPm �MDG@nB �v�GJM@�FuJ � � xO@oJ �O� �P��JMs�DGmCJM@ LuD.FuqMN �vJr�MDG@AJ � @CD � JMprqtN���JtHoD*@oJM�
LuD � @oqMNMmG� �*NP��N FuNb��NiLuDG�EN�LuD�LuDGs�NPmCBEprqMN��vJM�E��mnHCB��GJ�� l . }UmnDGpGqMN	���+�u� " �9��N!J � @nD � JMLON
�ZNP@n� JMLON s�DG� J�LuDGs�NPmCBEprqMN LuD � @oqtNPm 
Us�NP@nNPmCN�DUN���NiLuDG�EN�FvqtN 
 �u? ��� � N�LODGs�NPmCB�HKJM@n��NPm
xu� � @oqtN!LuD�HKJt� JMF��uN

l
��mCNP�O@CD NPxOHC@CNbLOD0HKJM��JMF��uN

l′
� mCD

l > l′
HCDG@CD*��NMmAFuN!����FuBE��N

(lds − l′ds)
svJM@nHC���*xu� JMm LuN � @oqtN\mCxumns�D*FumoJMm*� � � 
G� LuB�mnmCNu� B�FuLODGs�DGFuLuD*FIHoDG��DGFIHCD LuNMm

HKJt� JMF��uNPm
l
D

l′
�>mCD!N � @oqMN�LuD HKJt� JMF��uN

l
mCD J � @CD � JM@�su@C{ ��B���N � ��JtHoD*@oJM��LuN^NMxOHo@nN

� @CqMNu�Ss�N�LuD*@�	 �vJr�MDG@�JtH�

lds − 1

svJM@�Ho���*xu� Jtm�mCxOmCs�DGFumCJMmG� !SF��v�	�"� 	^xu� D����GDGmnmCN LuD
�PD*��Ni�GBELvJMLuD��0xuB�HoN � @oJtFuLuD�FON su@nN��*DGmCmnNbLuD.�G@CD*mC�*B���DGFIHoN�D���xvJMFIHoN�� JtB�NP@<N � @oJMLOB�DGFIHCD
LuDyJM�EHCxu@oJMm ��Ni�rJt�i��JMBENP@�mCDG@ 	 DGmnmCD<D��O�*DGmnmCN,LuD��MDG�EN��*B�LvJMLODM�PJtFvJM��N � JM��DGFIHoD�J l .�� � mnmCBE���
LuD9�PDG��NPm DGmns�D*@oJM@ ��xuD,N���NiLuDG�EN DGm�HoD 
CJ�FvJ��G��JMmCmnD �,z��X�u�*NP��N�J l . �
!S� mnxus�D*@ �Z�E�GB�D*m0@CDGJMB�m��ZNP@C��JMLvJtm.s�NP@ � @oqMNPm*�>DGm�HoD*m0H &G� LuB �ZDG@CD*FIHoDGm0HoJM��JMF��uNPm�DG�

HoNM@CFuN LuD�xu� HoJM� JtF��uN ��
*LuB�N
l̄
�|zXJM@CJ @nDGsu@nN�Lux��GB�@�D*mCmoJ su@CNMsu@CBEDGLvJMLODM�eFu{Pm�LuDGs�NPmnBEHKJt��NPm

� @CqMNPm LuD.HoJM��JMF��uNPm<�tJM@nB JMLuNMmG�vLuD9HoDG@n��BELuNPm s�D*� J�LuB�m�Ho@nB��uxuBEprqMN�LuD.z|NMB�mCmnNPF � � DGmn�GNP� �vJ
LuD*mCmoJ�LOB�mnHC@CBE�uxuB�pGqMN 
`JM@n�uBEHC@�	M@nB J`Dt�<�GNP��Ng��NPmnHC@oJM@nDG��NPm�FvJgmnDGprqtN��u�+�u�<J D*mC�GJM� J LvJ
@Cx � NPmCBELvJMLuD�D LvJ @Cx � NMmCB�LuJMLuD �EN��GJM� B�FuLODGs�DGLuD*� LuD*mCmCJ"D*mC�*NP� �vJ�� � LOB�mnHC@CBE�uxuB�pGqMNgLOD
z|NMB�mCmnNPF 
�LuJMLvJ s�NM@

P (l) =
λle−λ

l!

� �O� � �
NPFuLOD

λ

 D �OJtHoJM��DGFIHoD N�HoJM��JMF��uN"LuD � @CqMN"��
*LuB�N

(λ = l̄)
�A�*NP��N���NPm�Ho@oJtLuN"FuN

� s�&GLOB��GD � �Pz|JM@oJ�D*�iB�HKJM@n��NPm|��xuD � @oqtNPm>�0xuB�HoNA��JMBENP@CD*mX��xuD
l̄
�Z��xuDUH &*��su@nNP�vJM�uBE��BELvJMLuD

�0xuB�HoN�s�D*�ixODGFvJ`LuD N��*NP@C@nDG@ ��JMsvJM@nDGpGJM� FuN^mCBEmnHoD*� J��XFu{Pm.Ho@CxOFu�rJM��NPm�J LuB�m�Ho@nB��uxuBEprqMN
DG�

lmax = 2l̄
�yz|NP@ D ��D*��su�ENu�vsvJM@CJ�xO� HKJM��JMF��uN�� 
GLuBEN�B � xvJt��J

8
N�� JtB�NP@ � @oqMN���xuD

s�N�LuD�mnDG@ LuDGs�NPmnBEHKJtLuN 
,xu� � @CqMN�LuD�HKJM��JMF��uN
16
�

zXJM@CJ��kJ��GD*@0N`mnNP@nHCDGB�N LuN HKJt� JMF��uN`LuD � @oqMNPm.Fu{Pm0��JMs�DrJM��NPm.J`LuB�m�Ho@nB��uxuBEprqMN	DG�
xu� �MD*HoNM@

V
��LOD�HoJM� JtF��uN

T
�v�Gx

CJMm s�NPmCBEp��iDGm � xvJM@nLvJM� NMm�s�NPmCmn�E�MDGB�m HKJt� JMF��uNPm

l
� FvJ

��xvJMFIHoBELvJMLuD	LuD9HoDG@n��BEFvJMLvJ s�NP@�mCxvJ su@CNP�uJM�uB��EB�LvJtLuDM� z|NP@�D ��D*��su�ENu�ysuJM@oJ xu�4HKJM��Je}
F��uN^� 
GLOB�N`LuD � @oqMN^B � xvJM��J

8
��J`su@nNP�vJM�OB���BELvJMLuD�LuD!Ni�GNP@n@CD*@0xu� HoJM��JMF��uN

l = 5
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P (5) = 0.09160366... �
DGFIHKqtNu�vmCD

T = 100000
HoDG@nDG��NPm

T · P (5) = 9160
s�NPmnB�p��iDGm LuD

V
�*NP� N.�MJt��NP@

5
� �iDAsu@CD*DGFu� �ODG��NPm

V
�GNM�8HCN�LuNMmUNPmys�NPmnmC�E�MDGBEmy�tJM��NP@nDGm�LuD

l
�OsvJt@oJ�LuD;}

HoD*@C��B�FvJt@C��NPm N�HoJM��JMF��uN LuN � @oqMN�J mCDG@ LuD*s�NPmnBEHoJMLuN �vJMmnHoJ�mnNP@nHCDrJM@n��NPm JM�EDrJtHCNP@CB�JM��DGFIHoD
xu��J s�NPmnB�pGqMN LuD

V
�

� xuFuBELvJMLuD LOD�HoD*��s�N �ZNPBXLOD �vFuBELvJb�GNM��NbxOmCxvJM�E��D*FIHoDM� NPx^mCD 
CJO��xu��J �rJM��JMLvJbLOD
����� ��� ��	!# �
� LODGs�NPmCB�HKJMLvJtmG� !S� d = 1 + 1

��D*mCmoJ!�GJM� JtLvJ��*NP@C@nDGmCs�NPFuLOD �
L
svJM@nHC���*xu� JMm*�

D �GNM��N!NPm � @oqMNPmAH &G� DG� � 
GLOB J
l̄2
svJM@nHC���*xu� JMm*� xu��JbxuFuBELvJMLuD LuD0HCDG��s�N!D*��xuBE�tJM�ED �

LuD*s�NPmnB�pGqMN LuD
L/l̄2

� @oqMNMmG� l J ��DGmn� J��ZNM@C��JO�OD*�
d = 2 + 1

xu� J0xOFuB�LvJtLuDALuDAHCDG��s�N
DG��xuB��tJM��D �

L2/l̄3
� @CqMNPm0LuD*s�NMmCBEHoJMLuNPm*�\wyNP� DGmnmoJ LuD �vFOB�prqtNu��DG�4Jt�0��NMm0NPm �rJtmCNPm*�

l̄

svJMmnmCNPm LuD�HoD*��s�N �GNM@C@CD*mCs�NPFuLuD*��DG� � 
GLOB J ��xu� J0�GJM��JMLvJ LuD � @oqtNPm<LuDGs�NPmnBEHKJtLuNPmG�
?Am�@nDGmnxu�EHoJMLuNPmSD LuBEmC�GxOmCm �iDGm�LvJ�mnB��0xu��JMprqtN�LuDGmnmCD ��NiLuDG�ENADG�

d = 1+1
D

d = 2+1

moqtN�Jtsu@CD*mCDGFIHoJMLuNPm�FvJMm<mCD*p��iDGm ��xuD.mnD,mCD � xuDG�	�

� � � & 5 1 �!7 � ).3!-.1 5 � 3�� 		� 	

!S� FuNMmCmoJtm<mCB���xu� JMp���D*myFu{Mm<�GNPFumnB�LuD*@oJM��NPmyHoJM��JMF��uNPmyLuD � @CqMN ��
*LuB�N
l̄
B � xvJMBEmUJ 
O� �r¡

D/"I��� ��qMN xumoJMLONPm,mCxu�um�Ho@CJtHoNPm�LuD HKJt� JMF��uN
L = 512, 1024, . . . , 32768

suJM@oJ
l̄ = 8

D

16
�|D

L = 1024, 2048, . . . , 65536
svJt@oJ

l̄ = 32
� ��B���xu� JM��NPmAN�mCD � xuB�FIHCD F �u��DG@CN�LuD

JM��NPmnHC@oJMm*Q
}
L = 512

Q
10000

JM��NPm�Ho@oJtm �
}
L = 1024

J
4096

Q
5000

JM��NPmnHC@oJMm �
}
L ≥ 8192

Q
1000

JM��NPmnHC@oJMm*�
� J � � xu@CJ �u� �\JMsO@CDGmnDGFIHKJt��NPm �*xu@n�tJMm LvJ\@Cx � NPmCBELvJMLuD � �ENP�vJM�

W
D*� �ZxuFupGqMN"LuN

HoD*��s�N
t
� suJM@oJ

l̄ = 16
� ��DG@CB �v�rJt��NPm �ixOD ��	"xO� �����������
	���� LuD^xu� �G@CD*mC�*B���DGFIHoN

B�FOB��GB�JM����DGFIHCDA@�	MsOB�LuN�LvJ�@nx � NPmnB�LvJMLODM��svJM@oJ�xu� �G@nDGmC�*B���DGFIHoN � JMBEm ��DGFIHCNbD��uFvJM����DGFIHCD
J moJtHCxu@oJtprqMN�LuDGm�HKJ�DG� HCDG��s�NMm<�0xuBEHCN ��NPF � NPmG�
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�XB � xu@oJ,�u� ��Q�wyxO@n�tJMmyLOD�@nx � NPmnB�LvJMLOD 	�������	 � HCDG��s�Nu��svJt@oJ l̄ = 16
D suJM@oJ,mCxu�OmnHo@CJtHoNMmULuD

� Jt@ � xu@CJMmGQ
L = 1024(+)

�
L = 2048(O)

�
L = 4096(4)

�
L = 8192(�) � L = 16384(◦)

D
L = 32678(�)

�

� m��GxO@n�tJMm�LvJ�@Cx � NPmCBELvJMLuD 	�������	 � HoD*��s�N,svJM@oJ l̄ = 8
D

32
�ImCqMN,svJM@nDG�GBELvJMmS�*NP� J�LuD

l̄ = 16
��� � xu@oJ �u� ���9� � mCmCN�s�NiLuD�mCD*@ �MDG@CB �v�rJtLuN FvJ � � xu@CJ �O� "O�eNPFuLOD��*NP��suJM@oJM��NPm��*xu@n�tJMm

svJM@CJ0NPmUHo@ &GmUHoJM� JtF��uNPmU� 
GLOB�NPmULOD � @oqMNO�ODG� xu� mnxu�umnHC@oJtHCN�LuDAHKJM��JMF��ON
L = 16384

�
? D �ZD*BEHoN LuNbHKJM��JMF��ON LuN � @oqMN 
0JMs�D*FvJMm�Jtxu��D*FIHKJM@�N �tJM��NP@ LvJb@nx � NPmnB�LvJMLODM� N �ixOD 

DGmns�D*@oJMLON�xO� J �MD�� ��xuD<��xvJMFIHoN,��JMB�NP@nDGm|moqMN,NPm � @CqMNPm*�P� JtB�NP@nDGmXmnDG@CqMN�JMmSLuB �ZD*@CD*FuprJMmSLOD
JM��Hoxu@CJ�D*F�HC@CD�DG��D*mG��z N�LuD*��NMmyFuNMHoJM@�HKJM�0� 
G� FuJ�� � xO@oJ �u�#".��xuD�N.HCDG��s�N.LuD �����������
	����

JMxu��DGFIHoJ��GNP�
l̄
��Ni�GNM@C@CD*FuLuN Jtsu@CN ��B���JMLvJM��DGFIHCD�FuN.HoDG��s�N

t = 5l̄
�O��xuDA�*NP@C@nDGmCs�NPFuLOD�J

�GD*@C�GJ�LuD
5
�GJM� JtLvJMm LuD � @oqtNPm<LuDGs�NPmnBEHKJtLvJMmG�

� J � � xu@CJ �O� "O� s�NiLuDG��NPm!�PD*@���xuD J"B�Fu�*��B�FuJMprqMN\LuJ�@nD � B�qMN\B�FuBE�GB�JM� �
t � 5l̄

� 

su@CJtHoBE�rJM��DGFIHoDbJ`��D*mC��J svJM@CJ HoNiLuNPm0NPm0�tJM�ENP@CD*m0LuD

l̄
�g? D��Os�NiDGFIHoD LuD!�*@CDGmn�GBE��D*F�HCN

β

�LvJMLuN�s�D*� J B�Fu�*��BEFvJMprqtN!LvJ�@nD*HKJ	LuD

W
�

t
F�xu� � @�	 �v�GN  �N � }  �N � � !SFIHKqMNu�|FuDGmnmoJ

@CD � B qtN`B�FuBE�GB�JM� � DGFu�*NPFIHo@CJM��NMm0xu� D���s�NiDGFIHoD!LOD!�G@CD*mC�*B���DGFIHoN
βi = 0.66 ± 0.02

svJM@CJ
HoNiLuNPm.NPm.HoJM��JMF��uNPm�LuD � @oqMN���
*LuB�Nu��!SmCmnDbD ��s�N�D*F�HCDbLuDb�*@CD*mC�GBE��D*FIHoN � @CJMFuLuDt�>svJM@CJ
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�XB � xu@oJ �u�#"OQ wyxu@��MJtm LuD0@nx � NPmnB�LvJtLuD 	�������	 � HCDG��s�Nu� svJt@oJ L = 16384
D�NMm�HKJt� JMF��uNPm

� 
GLuBENPm<LuD � @oqtN
l̄ = 8(�) � l̄ = 16(◦) D l̄ = 32(�)

�

HoD*��s�NPm.s�D*�ixODGFuNPm*��DGmnH�	`JMmnmCNi�GB JtLuN^J xu� �G@nDGmn�GB���DGFIHCN`�GNP�ExuFvJM@.LvJ mnxus�D*@ �Z�E�GB�Dt�>NPFuLOD
JM� � xu��JMm|s�NPmnB�p��iDGm|LuNAmnxu�umnHC@oJtHCN�s�D*@C��JMFuD*�GDG� LuD*mC�GNM��D*@nHKJtmG��DGFu��xvJtF�HCN,JAJM��Hoxu@CJ�� 
GLuB�J
LuN.mCB�m�HoD*� J,�G@nDGmC�*DA��BEFuDrJt@C��DGFIHoD<�*NP� N�HCDG��s�Nu�
!�m�HoD HoB�s�N,LuD �*@CD*mC�GBE��D*FIHoN�BE��sO��B��GJ DG�
xu��J @Cx � NPmCBELvJMLuD��G@CD*mC�*DGFuLuN	��BEFuDrJt@C��DGFIHoD.�GNP� NbHoDG��s�N

(β = 1)
��z NP@ 
*����D*� FuNMmCmCN

��N�LuD*��N!HKJt�0� 
*�
HoD*��NPm�@CD � B �iDGm,NPFOLuD Jtm��GNM@C@CD*� JMp���D*m,� JtHCDG@oJtB�m 
 		mnD D*mnHKJt��D*��DG�*DG@CJM���
N���xuD^FuN\�GJMmCN\LOD`xu� ��NiLuDG�EN �,z�� ��D*�tJ �

β ≈ 0.33
D*�

d = 1 + 1
�  �N � Nu�<N

D ��s�N�D*FIHoD
βi ≈ 0.66


 xu� D��Os�NiDGFIHoD�BEF�HCDG@n��D*LuB 	M@nB�N�DGFIHo@nD
βKPZ

D
βcolunar

� � J�� � xu@CJ
�u�+�b��NPmnHC@oJM��NPm NPmAD*mnH 	 � B�NPm B�FOB��GB�JMB�m LuD.xu� LuDGs�{PmCB�HoN � DG@CJMLuNb�*NP� N FuNPmCmnNb��N�LuD*��N�D
s�N�LuD*��NMm<FuNMHKJt@<�G� Jt@oJM��DGFIHoD�xO� �G@nDGmC�*B���DGFIHoN��*NP��xuFuJM@G�

zXJM@CJ
t � 5l̄

�>JMm��GNP@n@CD*� JMp���D*m.FuN�mCBEmnHoD*� J�
 		mnD D*mnHKJt��D*��DG�*DG@CJM� D�HoD*��NMmG� FuN ����}
FuBE��Nu� LuxuJMmAL�
*�rJMLvJtmALuD0@nD � B�qMN �EB�FuDGJM@ FvJMm�� � xu@oJMm �u� ��D �u�#"O� JMFIHoDGm LvJ moJeHoxu@CJMprqMN LvJ
@Cx � NPmCBELvJMLuDt� !Sm�HoB���JtHCBE�tJMm�LuDyD���s�NiDGFIHoD*mSLuDy�*@CD*mC�GBE��D*FIHoNAD �ZD*HoB��PNPm �

βL

� svJt@oJ�LOB �ZDG@nDGFIHoD*m
HKJt� JMF��uNPm�LuN`mCxO�umnHC@oJtHCN`��NMmnHo@CJM��xu� �ZNP@�HoD�D �ZDGB�HoN�LuD HKJt� JMF��uN �uFuBEHCN FuN`mnB�m�HoDG��JO�
� J�� � xu@CJ �u� �	��NPm�Ho@oJt��NPm,NPm�D ��s�N�D*FIHoDGm�D �ZD*HCBE�MNPm

βL

DG� �ZxuFOprqMN�LuD
1/L∆ �XsvJt@oJ�NMm

Ho@ &Gm>HoJM� JtF��uNPm>LOD � @oqMN�� 
GLOB�Nu� �|D*mnHoJM��NMm>��	t@CB�NMm|�tJM��NM@CDGmXsvJM@oJ�N�D��Os�NiDGFIHoD
∆
�ID<N���xuD
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�XB � xu@oJ!�u�+�uQ
!>�MNP��xupGqMN.HCDG��s�NM@oJM� LuN�J � @CD � JMLuN��ZNP@C��JMLuN,s�DG��J.LuD*s�NPmnB�pGqMN�LuD � @oqtNPmG��DG�

d = 1 + 1
svJt@oJ

L = 128
D

l̄ = 8
�

��DG� �ONP@ J 
nxum�HoNPx�NPm s�NPFIHCNPm�F�xu��J�@CD*HoJ �ZNPB
∆ = 1/5

� � m ��BEF��vJMmUHC@oJM�*D 
CJMLvJtm���NPmnHC@oJM�
N!J 
nxOmnHoD���B�FODrJM@ LuD*mCmCD*m,s�NPFIHCNPmG� ��J �GDGFOLuN!xu��J�D �iHC@oJMs�NP� JtprqMN�svJM@oJ

L → ∞ � NPx mCD 
CJ��

1/L → 0
��NP�OHoD*��NMm�xO�4D ��s�N�D*F�HCD

β = 0.331 ± 0.005
svJM@CJ ��xvJt����xuDG@

l̄
����xuD	DGmnH�	

�vJMm�HKJMFIHCD�sO@C{ ��B���N�LON�D*mCs�DG@CJMLuN�su@oJ��G��JMmCmnD �,z��X�

0 0.05 0.1 0.15 0.2 0.25

(1/L)
1/5

0.24

0.26

0.28

0.30

0.32

0.34

β
L

�XB � xu@oJ �O� ��Q !
��s�N�D*FIHoDGm�LuD��G@nDGmn�GB���DGFIHCN�D �ZD*HoB��PNPm
βL

��svJM@CJ NMm,HoJM��JMF��uNPm ��
*LuB�NPm�LOD
� @CqMN

l̄ = 8(◦) � l̄ = 16(�)
D

l̄ = 32(M)
�
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z|NiLuDG��NPm �PD*@CB �u�rJM@�JMB�FOLvJ FvJ � � xu@oJ �u� ����xuDt����xvJMFIHCN ��JMB�NP@<N�HKJt� JMF��uN�LuN � @CqMNu�
��JMB�m|J �kJMm�HKJMLuNMm|NPmXD ��s�NiDGFIHCDGm>D �ZD*HoB��PNPmXDGmnHoqMNALuN��MJt��NP@|JMmCmnB�FIHo{tHoB��*Nu�|z|NP@|D ��DG��su��NO�MsvJM@CJ

L = 2048
HoD*��NMm

β ≈ 0.28
svJM@CJ

l̄ = 8
�
β ≈ 0.27

svJM@oJ
l̄ = 16

D
β ≈ 0.25

svJt@oJ
l̄ = 32

�
l D �kJtHCNu�>s�N�LODG��NPm0s�DGFumCJM@0��xuD!FvJ`� 
GLuB�J�HoNiLuNPm�NPm � @CqMNPm�H &G� N^��D*mC��N HKJM��JMF��ON

l̄
� !SF�HoqMNu��mCD � �GD*mCmCD*��NMm�xu� su@CNi�GD*LuB���DGFIHCN��*NPFIHo@ 	M@CBEN"JMN"LuN �GJMsu��Hoxu�EN\JMFIHoD*@CB�NM@!D
Ho@CJMFum �ZNP@C��JMmCmnDG��NPm �rJMLvJ � @oqtN LuD�HKJM��JMF��uN

l̄
DG�(xu��J suJM@nHC���GxO� J LuD�HoJM� JtF��uN xuFuBEH�	M@CBENu�

xu� mCxu�OmnHo@CJtHoN"LuD�HKJM��JMF��uN
L
�k�*NP� � @oqMNMm ��mnDG@nB J���JMs�DGJMLuN�D*� xu� mCxO�umnHC@oJtHCN�LOD

HKJt� JMF��uN
L′ = L/l̄

� l DGmnmoJ��ZNM@C��JO����xvJMFIHoN	� JtB�NP@AN � @CqMNu����D*FuNP@,mCD*@�		N	mnxu�um�Ho@oJeHoN
�GNM@C@CD*mCs�NPFuLuD*FIHoD D*�
xu��J	mnxus�DG@ �Z�E�GBED LuD�suJM@nHC���GxO� JMm�xuFOBEH 	t@CB JtmAD�JMmCmnB��	� ��JMBENP@AmCD*@�	 N
D �ZD*BEHCN�LOD,HoJM��JMF��uN �vFOBEHoNO�

� �vJM@n@oJbLuD D*@C@CN FuNb�tJM�ENP@ LOD
βi

����DG� �*NP��N JbLuD
βL

� �ZNMBXLuD9HoDG@n��BEFvJMLvJ �kJ �GDGFOLuN
J 
nxum�HoD*m��EB�FuDGJM@CD*mULuD,LuB �ZD*@CD*F�HCDGm B�FIHoD*@n�tJM�ENPmULvJMm @nD � B ��D*m

t � 5l̄
D

5l̄ � t � tx
�u@nDGmCs�DG�;}

HoB��tJM��D*FIHoDM� � s�DGmoJt@�LuD*mCmnD0DG@n@CN suJM@CD*�GDG@ � @oJtFuLuD�FvJ � � xu@oJ/�u� �i��N�� JtB�NP@UD*@C@nN @CD*� JtHCBE�MN
�ZNPB LOD.Jtsu@CN ��B���JMLvJM��DGFIHCD,"��b�v��xuD�
�@CJ��GNPJ �MDG�E��D*F�HCD,s�D*�ixODGFuNu�

� {Pm�D*mnHoBE� Jt��NPm>HoJM�0� 
G��N.D��Os�NiDGFIHoD LvJ,@Cx � NMmCB�LuJMLuD
α
�IHCNP� JtFuLuN,J,B�Fu�*��B�FuJMprqMN�LOD

xu� � @ 	 �v�GN  �N � }  �N � LvJ	@Cx � NMmCB�LuJMLuD LOD moJeHoxu@CJMprqMN
Wsat

svJM@oJ	LuB �ZD*@CD*F�HCDGm�HoJM��JMF��uNPm
LuN mCxO�umnHC@oJtHCN

L
��� � xO@oJ �u� ¡ �9� � � 
*� LvJ!� 
GLuB�JbmCNP�u@nD�JMmA� 	M@CB�JMm,JM��NPmnHC@oJMmA�*@CD*mC�GBELvJMm*�

Fu{Pm>HoJM�0� 
G� � �GD*��NMmSxu� JA� 
GLOB J�HCDG��s�NP@CJM�OLuJA@Cx � NMmCB�LuJMLuD<LuD<mCJtHoxu@CJMprqtNu�P�rJt���GxO� JMFuLON
DGm�HKJ�D*� �t P P .suJMmCmnNPm<LuD�HCDG��s�N�svJM@oJ��rJMLuJ0JM��NPmnHC@oJO�isvJM@CJ

t � tx
��z|NM@nHKJtF�HCNu�ON��tJM��NP@

LuD
Wsat


y�vJtmnHKJtF�HCD<su@CD*�GBEmCN�D<JMmXmCxvJMmX�vJM@C@CJMm>LuDyDG@C@nNAmoqtN���D*FuNP@CD*m>��xuD<NPm|mC������NP�ENPm FvJ
� � xO@oJ �u� ¡O�,? D��Os�NiDGFIHoD0LuJb@Cx � NMmCB�LuJMLuD�NM�OHoBELuN LuNbJ 
nxumnHCD0��BEFuDrJt@ �Z@CD*HoJMm HC@oJM�*D 
CJMLvJtm �9�
svJM@CJ NPm<Ho@ &*m<HKJM��JMF��uNMm<��
*LuB�NPmyLuD � @oqMN�D*mnHKqtN�FuN�BEF�HCDG@��MJt��N

0.44 < α < 0.46
�

zXJM@CJ �PD*@CB �u�rJM@n��NPmXNA�MJt��NP@|JMmCmnB�FIHo{tHoB��*N
(L → ∞)

LuD
α
�PFu{Pm>�GJM���*xu� Jt��NPm D ��s�N�D*FIHoDGm

D �ZD9HoB��PNPm

αef =
log [Wsat(L)/Wsat(L/2)]

log [2]

� �O� " �
svJM@CJ�NPm�LvJMLuNPm�LvJ�� � xu@oJ �O� ¡O� � J�� � xu@oJ �O� �,��NPm�Ho@CJM��NMm�D*mCmCD*m<D ��s�N�D*F�HCDGm*�uDG� �ZxuFupGqMN
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�XB � xu@oJ �O� ¡OQ,� x � NMmCB�LuJMLuD LuD�moJeHoxu@CJMprqMN	DG� �ZxuFuprqtN�LuN!HoJM� JtF��uN LuN mCxu�OmnHo@CJtHoN	svJM@CJ
NPm<HKJt� JMF��uNPmU� 
GLuBENPm<LuD � @CqMN

l̄ = 8(◦) � l̄ = 16(�)
D

l̄ = 32(M)
�uDG�

d = 1 + 1
�

LuD
L̄ = (L + L/2)/2

� � s�DGmoJt@bLvJ � @CJMFuLuD �vx�HoxvJMpGqMNu� s�N�LuD*��NMmbFuNMHoJM@ ��xuD DGm�HoD*m
D ��s�N�D*FIHoDGm�mCD�JMsu@nN ��BE� JM��LuN��tJM�ENP@SDGmns�D*@oJMLON

α = 1/2
�GNP� N�JMxu��DGFIHoN�LuD

L̄
� �v�rJMFOLuN

DG� HoNP@nFuN�LuD
0.48

svJM@CJ�NMm ��JMBENP@CD*myHKJM��JMF��ONPm
L̄
�

0.1 0.15 0.2 0.25

(1/L)
0.2

0.38

0.40

0.42

0.44

0.46

0.48

0.50

αe
f

�XB � xu@oJ �u� ��Q ! ��s�N�D*F�HCDGm LvJ`@nx � NPmnB�LvJtLuD D �ZD*HoB��PNPm�DG� �ZxOFuprqMN^LON`B�FI�PD*@CmnN LuJ`� JM@ � xu@oJ
� 
GLuB�J0svJM@oJ

l̄ = 8(◦) � l̄ = 16(�)
D

l̄ = 32(M)
�uD*�

d = 1 + 1
�
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!SmnHoBE� JeHoBE�tJMm LuN D ��s�NiDGFIHCD�LuBEF �M��B��GN
z
��LuD*HCDG@C��B�FuJMLuN�JtHo@CJ ��
GmALON HoD*��s�N�LOD�@CD*� Je}

�OJMprqtN LvJ	@Cx � NMmCB�LuJMLuD
tx

svJt@oJ�LOB �ZDG@nDGFIHoD*m.HoJM� JtF��uNPm,LuN�mCxu�um�Ho@CJtHoN
L
�|@CD9�PDG��JM� xu��J

�GNMFu�GNP@nL �MFu�*B J �GNP� N �tJM�ENP@�LuDGm�HoD�D ��s�NiDGFIHCD`LuD*HCDG@n��BEFvJMLuN s�D*��NPm�D ��s�N�D*FIHoDGm
α
D

β
�

xOHCB���B �rJMFOLuN J ��D*B LuD,DGmn�rJM��J ����� ���
wyNP��N�LOD*�PD*@C��JM��NMm�D*mCs�DG@CJM@G��s�NP@�mCxvJ,mCD*� JM� �vJMFupGJ��GNP� J l . �IFONPmCmnN.��N�LODG��N,Jtsu@CD;}

mCD*FIHKJbxu� �ZNP@nHCD�D �ZDGBEHCN LuD.HKJM��JMF��uN �vFuB�HoN 
 ��
O� �*% � ��� JMm���D*mC��NbJMmnmCBE� �*NPFumnD � xuBE��NMm
DGm�HoBE� JtHCBE�tJMm�LuNPmXD ��s�NiDGFIHCDGmSLuD�DGmC�GJM� J �

α ≈ 0.48
D

β ≈ 0.331
�;�Msu@n{ ��BE��NPm LuNPmXD ��s�NiDGFi}

HoD*mUDGmns�D*@oJMLONPm<svJM@CJ J��G��JMmCmnD �,z � �
α = 1/2

D
β = 1/3

�9�iN �ixODAFuNPm<�ED*�tJ ���*NPFu�G�ExumoqtN
LuD,��xuD,DGmnmCD���NiLuDG�EN0DGm�H 	�FvJ��*� JMmnmCD �,z��X�

� � �� �!���"��$���$� � !�����	

� Jtm � � xu@CJMm �u� 
 �kJ �9���k� ��D �k� ����NPmnHC@oJM��NPmbJtmb�Gxu@��tJMmbLuD
Wloc

DG� �ZxuFuprqtN\LuN�HKJe}
��JMF��uN!LvJ 
CJMFODG� J

R
svJM@CJ HKJM��JMF��ONPm���
*LuB�NMmALuD � @CqMN 
O�)� ¡!D "I�i� @CD*mCs�DG�*HCBE�tJM��DGFIHoDt�

wyNP��N s�N�LODG��NPm.�MDG@0D*� HCN�LuJMm�D*mCmoJtm � � xu@CJMmG�>FONPmCmnN^��NiLuDG�EN�sO@CNiLux��bxu� �����������
	����

FvJb@nx � NPmnB�LvJMLOD ��Ni�rJM� ��D D*mnHoD�Ni�GNP@n@CD Jtsu@CN ��B���JMLvJM��DGFIHCD0FuNbHKJt� JMF��uN!LuD � @CqMNb� 
GLuBEN

(Rc = l̄ ± 2)
�

� J	@CD � B qMN
R � l̄

�|NM�OHoD*��NPm
α1 = 1.0 ± 0.03

svJt@oJ!HoNiLuNPm�NPm�HKJM��JMF��uNMm�� 
GLOB�NPm
LuD � @oqMNu�iB�FOLuDGs�DGFuLODGFIHoD*��D*F�HCD,LuN�HKJt� JMF��uN0LuN0mnxu�um�Ho@oJeHoN

L
� !�m�HoDA@nDGmnxu�EHoJMLuN �GNMF��v��J

JM��xuD*��DGm�LuN.�rJMsu��Hoxu�EN�JtF�HCDG@nB�NP@�D ��NPm�Ho@CJ���xuD�FuNPmCmCJMmy�*NPFu�*��xum ��D*mUJMFIHoD*@CBENP@CD*m�mnDAJMsu�EB��GJM�
J�mCB�m�HoD*� JMm �*NP� J�sO@CDGmnDGFupGJ LuD � @oqtNPm LuD.LOB �ZDG@nDGFIHoD*m HoJM��JMF��uNPm D�LuDGmnNP@CLODG��FvJMm mCxuJMm
s�NPmCBEp��iDGm<@CD*� JtHCBE�tJMm*�

zXJM@CJ
R � l̄

J 
CJMFuD*� J��GNP�u@nDA@CD � B �iDGm�DGFI�MNP�E�MDGFuLuN � 	M@nB�NPm � @oqtNPmyD JMmCmnB��
Wloc

��xvJMFi}
HoB �v�rJ JMmX�*NP@C@nDG� Jtp��iDGm>�EN��GJMB�m DGFIHo@nD � @CqMNPmG� � N �tJM��DGFIHoDUD*Fu�GNMF�HC@oJM��NPm|xu� �ZNM@nHoDyD �ZDGB�HoNALOD
HKJt� JMF��uN �vFuBEHCN�FON�mnB�mnHCDG��JO��D�D*mnHCB���JMFuLuN D ��s�N�D*FIHoDGm.D �ZD9HoBE�MNPm �

αL

�AsvJM@CJ	LOB �ZDG@nDGFIHoD*m
HKJt� JMF��uNPm

L
LuN mnxu�umnHC@oJtHCNu�yFO{Pm�NP�OHoD*��NMm NPm�s�NPFIHCNPm�LvJ � � xu@oJ �u�#%O� � DGmCmCJ � � xu@oJO�

su�ENMHKJM��NPm,DGmnmCD*m�D���s�NiDGFIHoD*m D �ZD9HoBE�MNPm�D*� �ZxOFuprqMN^LOD
1/L∆

Dt�SJMFvJt��N � Jt��D*F�HCD JtN`�rJMmnN
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�XB � xu@oJ �u� 
OQ ��JM@nB JMpGqMN LvJ�@nx � NPmnB�LvJtLuD���Ni�rJM�P�*NP� N�HoJM��JMF��uN LuD 
CJMFuD*� J svJM@oJ mCxO�umnHC@oJtHCNPm
LuD�� Jt@ � xu@CJOQ

L = 1024(+)
�
L = 2048(O)

�
L = 4096(4)

�
L = 8192(�) � L = 16384(◦)

D
L = 32678(�)

�(zXJM@CJ�NPm HKJt� JMF��uNPm � 
GLOB�NPmbLOD � @oqtNuQ
l̄ = 8

�kJ �9�
l̄ = 16

�Z����D

l̄ = 32
�Z� �;�
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LuN�D ��s�NiDGFIHCD0LuD��*@CD*mC�GBE��D*FIHoNu��N D��Os�NiDGFIHoD
∆ = 1/5

�ZNPB�N ��xuD.��D*� �uNP@ J 
nxOmnHoNMx`DGmnmCDGm
D ��s�N�D*FIHoDGm

(αL)
F�xu��J�@nD*HKJ��S� J��GD*FuLuN0J,D �iHC@oJMs�NP� JtprqMN,svJM@CJ

L → ∞ NP�OHoD*��NMm�N,�tJM��NM@
JMmnmCB�FIHC{MHoBE�GN�LuN�D��Os�NiDGFIHoD LvJ�@Cx � NPmCBELvJMLuD

α2 = 0.483±0.004
svJM@CJ HoNiLuNPmSNPm>HoJM��JMF��uNPm

LuD � @oqtN�� 
GLOB�Nu� !�mnmCD �tJM��NP@ 
 su@n{ ��BE��N,LuD
α2 = 0.5

svJt@oJ�J��*� JMmnmCD �,z � DG�
d = 1+1

�

0 0.05 0.1 0.15 0.2 0.25

(1/L)
0.2

0.32

0.36

0.40

0.44

0.48

αe
f

�XB � xu@oJ,�u�#%OQ ! ��s�N�D*F�HCDGm�LvJ.@nx � NPmnB�LvJMLOD�D �ZD*HoB��PNPm
αef

svJM@CJ�HoJM� JtF��uNPm�� 
GLuBENPm�LuD � @CqMNuQ

l̄ = 8(◦) � l̄ = 16(�)
D

l̄ = 32(M)
�

� m �vJM@n@oJMm�LuD�DG@n@CN LuNPm D ��s�N�D*F�HCD�D �ZD*HCBE�PNMm
αL

FvJ�� � ���u� %��e��DG� �*NP��N�J LuN D ��s�N�D*F�HCD
B�FOB��GB�JM�

α1

� � � � �u� 
 � �ZNP@oJM� LuD*HCDG@C��B�FuJMLvJMm �kJ��*DGFuLuN"� 	M@CBENPm	J 
nxum�HoDGm	DG� LOB �ZDG@nDGFIHoD*m
B�FIHCDG@n�tJM�ENPm0LvJtm�@nD � B ��D*m

R � l̄
D

l̄ � R � L
��@CD*mCs�DG�9HoBE�tJM��DGFIHCDM� ? HoJM� JtF��uN LuD


CJMFuD*� J LOD �����������
	���� Rc

D0mnxvJb�vJM@n@oJbLuD�DG@C@nN �ZNP@oJt� LuD9HoD*@C��B�FvJMLONPm s�DG��J B�FIHoD*@CmnDG�GpGqMN
LvJMm<� 	M@nB JMmU@nD*HoJMm LuD�J 
nxumnHCD.LODGmnHoJMm @CD � B �iDGm*�

� m��Gxu@��MJtm�LvJ � � xu@CJ �O� 
 �ZNP@oJM��NP�OHoBELvJMm��rJt���GxO� JMFuLON�J,@Cx � NPmCBELvJMLuD ��Ni�rJt�vFuN�D*mnHKJtLuN
DGm�HKJM�*B�NPF�	M@CBEN �

t � Lz
�;� wyxu@n�tJMmbNM�OHoBELvJMm suJM@oJ\Jg@nx � NPmnB�LvJtLuD �EN��GJM��D*� LOB �ZDG@nDGFIHoD*m

HoD*��s�NPm*�>FuN^@CD � B���D�LuDb�G@nDGmn�GB���DGFIHCN^LvJ`@Cx � NPmCBELvJMLuD � ��NP�uJM� � ��xvJMFuLuN Jtm0�GNP@n@CD*� JMp���D*m
� JeHoDG@CJMB�m 
 	0mCD�D*mnHoJM��D*��D*�GDG@CJM� FON0mCBEmnHoD*� J��

5l̄ � t � Lz
�9�OD*mnHoqMN���NPm�Ho@CJMLvJMm�FvJ � � xu@CJ

�u���  O� z|NiLuDG��NPm�NP�umnDG@��MJt@���xuD�J @nx � NPmnB�LvJtLuDM��FvJ @CD � B qMN LuD	DGmn�rJM��J �
R � ξ||

�;� 
	J
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��DGmC��J svJM@oJ HoNiLuNPm�NPm�HCDG��s�NMmG�UN �ixOD 
�xO� J �rJM@CJM�*HCDG@C�EmnHCB��rJ LuD�xu� mCB�m�HoD*� J �GNP�
DGmn�rJM��J�FONP@C��JM� �kFuqMN�JtF �P��JM� J �;� !�mnmCD�@CDGmnxu�EHoJMLuN.JM��B�JMLuN,JMN �kJtHCN.LuN�D ��s�N�D*FIHoD

α
NP��HoB�LON

s�DG� J @Cx � NMmCB�LuJMLuD`LuD^mCJtHoxO@oJMpGqMN"mCDG@!B � xvJM��JMN\NP��HoB�LON\JtHo@CJr� 
Gm LvJ�@nx � NPmnB�LvJtLuD`��Ni�rJt� �
��NPmnHC@oJ���xuD,FvqMN ��	0DGmC�GJM� J�JMF �P� Jt� J.FON mCB�m�HoD*� J0D��*NPF��v@n� J0FuNMmCmoJ �*NPFu�G�ExumoqtN LuD���xuD
N�D �ZDGB�HoN,LuD �����������
	���� FvJ,DGmn�rJM��J�LvJ,@Cx � NPmCBELvJMLuD �EN��GJM�uFvqMN,HoD*� FuD*F���xu� J�@CD*� JMpGqMN,�GNP�
DGmn�rJM��J�JMF �P��JM� J����*NP��N�mnx � DG@nB�LuN�D*��JM� � xuFumUHo@CJM�vJM� �uNPm<D��Os�DG@nB���DGFIHKJtB�mG�

�XB � xu@oJ �u���  OQ ��JM@CB�JMprqtN LuJ @Cx � NPmCBELvJMLuD �EN��GJM�<�GNP� N HKJM��JMF��ON LuD�
CJMFuD*� J svJM@CJ xu�
HKJt� JMF��uN LuD � @oqMN���
*LuB�N

l̄ = 16
��xu� HKJM��JMF��uN�LuD�mnxu�um�Ho@oJeHoN

L = 16384
D�HoD*��s�NPmGQ

t = 1000(�) � t = 3000(4)
�
t = 9000(◦) D t = 27000(�)

�

� B���s�NP@�HKJMFIHCD	FONMHKJM@n��NMm�FvJ � � xu@CJ �u�#% ��xuD^J �vJM@n@oJgLuD�DG@n@CNgsuJM@oJgNMm���JMB�NM@CDGm
HKJt� JMF��uNPm<LuD�mCxu�OmnHo@CJtHoN �

L
�UmoqMN���DG� ��JMB�NM@CDGm<��xuD.JM��xuD*� JMm LuNPm HKJt� JMF��uNPm<B�FIHCDG@C��D9}

LuB 	M@CBENPmG��zXJt@oJ
L
s�DG��xuD*FuNu��xu��Jb�vJM@n@oJbLuD D*@C@CN � @CJMFuLuD�mCD 
nxumnHCB �v�GJbs�NM@C��xuD�Jb@CD � B qtN

LuD,DGmn�rJM��J 
���xuBEHCN s�D*�ixODGFvJO� ��JMm J ��D*LuB�LuJ���xuD�JMxO��D*F�HoJM��NPm
L
� J�@nD � B�qMN LuD,DGmn�rJM��J

�
l̄ � R � L

�>mnD HCNP@CFvJ���JMB�NM@G�M�*NP��N,�MDG��NPm�FvJ � � xu@CJ �u� 
O�ID LuD9�PDG@n� JM��NPm�DGmns�D*@oJM@���xuD
J`�vJM@n@oJ LOD!DG@C@nN^LuB���B�F�xuBEmCmnDM� l D �kJeHoNu�SBEmCmCN^Ni�GNM@C@CD�svJM@CJ HKJM��JMF��uNMm�B�FIHCDG@C��DGLOB 	M@nB�NPm
LuN mCBEmnHoD*� J�� z NP@ 
*����svJM@CJ NPm HoJM� JtF��uNPm���JMB�NP@nDGm*��FuJ @nD � B�qMN

l̄ � R � L
NM�umCD*@�}
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�XB � xu@oJ �u��� �PQ ��JM@CB�JMprqtN LuJ @Cx � NPmCBELvJMLuD �EN��GJM�<�GNP� N HKJM��JMF��ON LuD�
CJMFuD*� J svJM@CJ xu�
HKJt� JMF��uNbLuD � @oqMNb� 
GLOB�N

l̄ = 8
D0xu� HKJM��JMF��ONbLuD mCxO�umnHC@oJtHCN

L = 32768
� � m�@CD9HKJMm

Ho@CJM�GD 
CJMLvJMm mCqMN�J 
nxumnHCDGm DG� @nD � B ��D*m<LuB�m�HoBEF�HoJMm<LuN�LuNP����FOB�N
l̄ � R � L

�

�tJM��NPm @CD � B �iDGm �*NP�4LuB �ZDG@CD*FIHoDGm�B�FO�G��BEFvJMp���D*mG�S�GNM��N ��NPmnHC@oJM��NPm0FvJ � � xO@oJ �u��� �P� ?Am
D ��s�N�D*FIHoDGm NP�OHoBELuNPm FuDGmnmoJ � � xu@oJ��

l̄ = 8
� svJt@oJ Jtm LuxvJtm B�FO�G��BEFvJMp���D*m �ZNM@oJM�

α∗
2 ≈ 0.40

D
α2 ≈ 0.45

� � �*@CDGLOBEHKJt��NPm,��xuD�N D ��s�N�D*FIHoD
α∗

2

mCD 
CJ JMs�DGFvJtm.xu��D �ZDGB�HoN�HC@oJMFOmCB�D*FIHoDM�
�GNMF��ZNP@C��D�LuBEmC�Gx�HoB�LON�FuJ�mnDGpGqMNb�i� ���#"O�

� ��
 & 5 1 �!7 � ).3!-.1 5 � 3�� � � 	

� N �tJM��DGFIHoD,Ho@CJM�vJM� �vJM��NPmU�*NP� HKJM��JMF��ONPm<LuD � @oqMN�� 
GLuBEN
l̄
B � xvJtB�m J 
O� � ¡�D "I�i�v�GNP�

mCxO�umnHC@oJtHCNPm�LuD0HKJt� JMF��uN
L
�MJt@CB JtFuLuNbLuD

256
J

4096
� svJM@CJ

l̄ = 8
D

16
� D

L = 512
J

8192
svJM@CJ

l̄ = 32
��?(F �u��D*@CN�LuD�JM��NPmnHC@oJMm<mnB��0xu��JMLvJMm �ZNPB Q

}
L = 256

D
512

Q
200

JM��NMmnHo@CJMm �
}
L = 1024

J
4096

Q
100

JM��NPm�Ho@oJtm �
}
L = 8192

Q
50

Jt��NPm�Ho@CJMmG�
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� �tJM@CB�JMprqtNbLvJ @nx � NPmnB�LvJMLOD � ��NM�vJM��DG� �ZxuFuprqtN!LuNbHoD*��s�Nu� suJM@oJ LOB �ZDG@nDGFIHoD*mAHKJM��Je}
F��uNMm.LuD�mnxu�umnHC@oJtHCNu�XD*mnH�		��NPmnHC@oJMLuJ	FvJ � � xO@oJ �u� � ����svJM@oJ

l̄ = 16
� � FvJM��N � JM��DGFIHoD �

d = 1 + 1
�XHoD*��NPm�xu� �����������
	���� F�xu� HCDG��s�N

t ≈ 5l̄
�SLuD!xu� �G@CD*mC�*B���DGFIHoN^@ 	MsuB�LON

LvJ�@Cx � NMmCB�LuJMLuDM� BEFuLuDGs�DGFOLuDGFIHoD.LvJ���JM@ � xu@oJ LuN�mCxu�um�Ho@CJtHoNu��svJM@CJ�xu���*@CD*mC�GBE��D*FIHoNb��DG�
��JMB�mU�EDGFIHoNO�

�XB � xu@oJ �O� � �iQ�wyxO@n�tJMm�LuD�@nx � NPmnB�LvJtLuD 	�������	 � HoD*��s�Nu��DG� d = 2 + 1
�|svJt@oJ

l̄ = 16
D

mCxO�umnHC@oJtHCNPm LuD.��JM@ � xu@oJOQ
L = 512(O)

�
L = 1024(�) � L = 2048(◦) D L = 4096(�)

�

� J � � xu@CJ �u���$" ��NMmnHo@CJM��NPm�JMm��*xu@n�tJMm�LvJ @Cx � NMmCB�LuJMLuD 	�������	 � HoD*��s�N suJM@oJ
l̄ =

8, 16
D

32
�|DG� xu� mCxO�umnHC@oJtHCN^LuD ��JM@ � xO@oJ

L = 4096
��z|NiLuD*��NPm��PD*@CB �u�rJM@.�ixOD svJM@CJ

t � 5l̄
J @Cx � NMmCB�LuJMLuD�JMxu��DGFIHKJ��GNM��N�HoJM� JtF��uN���
*LuB�N LON � @CqMNu�us�NPB�m � @CqMNPm<��JMB�NM@CDGm

su@nN�Lux��GDG� LuB �ZD*@CD*FuprJMm LuD�JM�EHCxu@oJtm ��Ni�rJtB�m � JMBENP@CD*m�FON!mCB�m�HoD*� JO�,z NP@ANPx�Ho@CN!��JMLuNu��svJM@CJ

t � 5l̄
� Jb@Cx � NMmCB�LuJMLuD0BEFuLuDGs�DGFOLuD0LuN!HKJt� JMF��uNbLuN � @CqMNbD �*@CDGmn�GD��GNM� xu� D ��s�N�D*F�HCD

βi = 0.90 ± 0.02
�

wyNP��N^LuB�mn�GxOHCB���NPm0JMFIHCDG@CBENP@C��DGFIHCDM�SN^�G@nDGmn�GB���DGFIHCN^B�FuBE�GB Jt��@ 	MsuBELuN`LvJ`@nx � NPmnB�LvJMLOD
mCD.LuD*�MD�JMN �*@CD*mC�GBE��D*FIHoN!JMsO@CN ��B���JMLvJM��DGFIHoD��GNM��xuFvJt@�LuN�LuDGs�{PmnBEHoNO����xuD0mnD�D*mnHKJt��D*��DG�*D
FuN�mCB�m�HoD*� J�FuNPm�DGmnH�	 � BENPm B�FuBE�GB Jtm<LvJ�LuD*s�NMmCB�pGqMN D �kJ����GNP����xuD�J�@nx � NPmnB�LvJMLOD�HCDGFuLvJ�J
�G@nDGmn�GDG@ ��BEFuDrJt@C��DGFIHoDAFON�HCDG��s�Nu�
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�XB � xu@oJ �u���$"OQ wyxO@n�tJMmALuD.@Cx � NPmCBELvJMLuD 	�������	 � HoDG��s�Nu��suJM@oJ L = 4096
D�NMm�HKJt� JMF��uNPm

LuD � @CqMN���
*LuB�NuQ
l̄ = 8(�) � l̄ = 16(◦) D l̄ = 32(�)

�

zXJM@CJ
t � 5l̄

�es�NiLuDG��NPm FuNMHoJM@�FvJMm � � mG���u� � � D �u� �&" ��xuDyJ�@Cx � NPmCBELvJMLuD��G@nDGmn�GDU�0xOBEHoN
��D*FIHKJM��DGFIHoD��GNM��N�HoD*��s�Nu� � � 
*��LuB�mnmCNu� svJM@CJ�NPm���DGFuNP@nDGm,HKJM��JMF��ONPm,LuD�mnxu�um�Ho@oJeHoN
HoD*��NMm�xu��J,@CD � B qMN,�0xuB�HoN�s�D*��xuDGFvJ �k��DGFuNP@���xuD�xu� J,L�
*�rJMLvJ ��JMFIHCDGmyLuJ.@CD*� J �OJMpGqMN�LvJ
@Cx � NPmCBELvJMLuD��

5l̄ � t � tx
�9� � mnmCB��	� DGm�HoB���JtHCBE�tJMm<LuD�D ��s�N�D*F�HCDGmAD �ZD*HCBE�PNMm

βL

� �GNP��N Jtm
LvJ mCD*prqMN�JMFIHoD*@CB�NM@G��mCD HoNM@CFvJM� �0xuBEHCN!B���su@CD*�GBEmoJMm*� ? �tJM��NP@�LODGmCmnD�D���s�NiDGFIHoD�svJM@CJ	NMm
��JMB�NP@nDGmXHoJM��JMF��uNPmXLuD<mCxu�OmnHo@CJtHoN�


β = 0.11±0.02
�IsvJM@CJ HoNiLuNPmSNPmSHoJM� JtF��uNPm>� 
GLOB�NPm

LuD � @oqMNO� !�mnmCD��tJM�ENP@ DGm�H 	 ��DG� JM�vJtB ��N�LONbDGmns�D*@oJMLuN svJM@oJ�J��*� JMmnmCD��,z�� �
β ≈ 0.24

�;�
z|NM@ 
G�	� �GNP��N\��NPmnHC@oJM@nDG��NPm FvJ�mnDGpGqMN �u� �i� N\��NiLuDG�ENgDGm�H 	�FvJ\�*� JMmnmCD �,z�� D`DGmnmCD
D ��s�N�D*FIHoD,HKqMN�s�DG��xuDGFON�mnD.LuD9�PD�� �GNP@n@CDGp���D*m�LOD�D*mC�GJM� J �0xuB�HoN �ZNP@�HoD*mG�

wyNP��N�LuB�mn�GxOHCB���NPmXFvJAmnDGpGqMN.��� �i�Pxu� D ��s�NiDGFIHCD LOD<�G@CD*mC�*B���DGFIHoN � @CJMFuLuD �
β ≈ 0.63

�
�ZNPB D*Fu�GNMF�HC@oJMLON�FvJ�@CD �~� 
�� � � �vNMFuLuD�HKJM��� 
*� mCD,NP�umnDG@��PNPx�xu� �����������
	���� FvJ�DGmn�rJM��J LvJ
@Cx � NPmCBELvJMLuDy�GNP� NAHoD*��s�N�LuDUxu��D ��s�N�D*F�HCD

βi ≈ 0.25
svJM@CJ

β ≈ 0
� � NPmnmCNPmS@nDGmnxu�EHoJMLuNPm

mCx � DG@nDG� �ixODbJM� � xu����DG�rJtFuB�mn��N	LuDb�*@CDGmn�GBE��D*F�HCN �*NP��xuFuJM@.s�NiLuD D*mnHKJt@�su@nDGmCD*FIHoD!FvJe}
��xuDG�ED.mnB�m�HoDG��JO� !SmCmCD �����������
	���� �ZNPB�NP�OmCDG@��tJMLuNu�vHKJt�0� 
*���OFuN ��N�LODG��N LOD.�*@CDGmn�GBE��D*F�HCN
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LuD �v�E��D*m<s�NP�EB��*@CB�m�HKJM�EB�FuNMm�Jtsu@CD*mCDGFIHoJMLuN FuJ�@nD �~� 
 �P� � �

�XB � xu@oJ �u���&�uQ�� x � NPmnB�LvJMLOD�LOD.mCJtHoxu@CJMprqtN�D*� �ZxuFuprqtN LuN�HKJM��JMF��ON�LuN�mCxO�umnHC@oJtHCN svJM@CJ
NPm<HKJt� JMF��uNPmULuD � @CqMN���
*LuB�NOQ

l̄ = 8(�) � l̄ = 16(◦) D l̄ = 32(�)
�

� @Cx � NMmCB�LuJMLuD LuD�moJtHCxu@oJtprqMN!�tJM@CB�JMFuLuN �*NP�
N!HKJM��JMF��ON	LON�mnxu�umnHC@oJtHCN�D*mnH�		��NPm�}
Ho@CJMLvJ FvJ � � xu@CJ �u���&�u��svJt@oJ!NPm,Ho@ &*m�HoJM��JMF��uNPm�LOD � @CqMN ��
*LuB�NO� ?8D ��s�NiDGFIHCD�LvJ @Cxi}
� NPmnB�LvJtLuD

α
�uNM�OHoBELuN LvJ B�Fu�*��BEFvJMprqtN�LvJ @CD9HKJ ��xuD���D*� �uNP@�mCD�J 
nxum�HKJ�NPm<s�NPFIHoNPm*�vDGmnH�	 FuN

B�FIHCDG@n�tJM�EN
0.15 6 α 6 0.19

�MsuJM@oJ�HCN�LONPmXNPm|�MJt��NP@nDGm LuD
l̄
�
!SmnmCDGmSD���s�NiDGFIHoD*mSDGm�HKqMN��0xOBEHoN

JM�vJtB ��N0LuN0�tJM�ENP@yD*mCs�DG@oJtLuN�svJM@oJ J0�*� JMmnmCD �,z�� �
α ≈ 0.39

�;��? � 	M�E�Gxu�EN0LuD�B�FO�G��BEFvJMp���D*m
mCxO�GDGmnmCB��MJtmG� �GNP��N � �GD*��NPm�D*�

d = 1 + 1
��FvqMN �ZNP@nFuDG�*D�FuDGF���xu��J B�FuLuBE�rJtHCBE�tJ�LOD���xuD

DGmnmCD*m�D��Os�NiDGFIHoD*m s�NPmCmCJM� mCD�JMsO@CN ��B���JM@ULuD
0.39

�

� � �� �!���"��$���$� � !�����	

� Jtm � � xu@CJMm �u��� � �kJ �9� �k����D �k� �|��NMmnHo@CJM��NPm>JMmX�Gxu@��MJtm>LuD
Wloc

D*� �ZxOFuprqMN�LON HKJM��JMF��ON
LvJ 
CJtFuDG��J

R
DG�

t � Lz
suJM@oJ�HoJM��JMF��uNPm|��
*LuB�NMm|LuD � @oqMN

8, 16
D

32
�M@nDGmCs�DG�9HoB��MJt��D*F�HCDM�

� JMBEm�xu� J��PD��M��NP�umCD*@n�tJM��NPm�N �����������
	���� FvJ,@Cx � NPmCBELvJMLuD �EN��GJM� �P��xuD�N��*NP@C@nD JMsu@CN ��B���Je}
LvJM��DGFIHCD�FuN0HKJM��JMF��ON0LuD � @CqMN ��
*LuB�N

(Rc = l̄ ± 2)
� � mnmCN���NMmnHo@CJ0��xuD�N0HKJM��JMF��ON LuD
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�XB � xu@oJ,�u��� ��Q ��JM@CB�JMprqtN�LuJ�@nx � NPmnB�LvJMLOD��EN��GJM�u�GNM� N.HKJt� JMF��uN,LuD 
CJtFuDG��J�FuN.DGm�HKJMLuN.DGm~}
HKJt�GB�NMF 	M@CBENu�esvJM@oJ�mCxu�um�Ho@CJtHoNPmSLOD<� JM@ � xu@oJ�Q

L = 1024(+)
�
L = 2048(O)

�
L = 4096(4)

�

L = 8192(�) � L = 16384(◦) D L = 32678(�)
� z|JM@oJ�NPm�HoJM� JtF��uNPm ��
*LuB�NMm�LuD � @oqtNuQ

l̄ = 8
� J �9�

l̄ = 16
�Z���yD

l̄ = 32
�k� �;�
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P�

� @CqMN���
*LuB�N s�N�LOD�mCDG@ D*mnHoBE� JtLuN��GNP� �uJMmnHoJMFIHoD,su@CD*�GBEmoqMN�JtHC@oJr� 
*m�LuD
Rc

�
? D ��s�N�D*F�HCDbDGFO�GNPFIHo@CJMLuN`FuJ�@CD � B qtN

R � Rc

�ZNPB
α1 = 1.00 ± 0.03

�XFuN �tJM��DGFIHoD
�GNMFu�GNP@nLvJMFuLONb�GNP� NPm���NiLuD*��NPm LuNb�GJMsu�EHCxu��N�JMFIHoD*@CBENP@G��zXJM@CJ

Rc � R � L
s�N�LODG��NPm

�PD*@CB �v�rJM@ ��xuD�J�@nx � NPmnB�LvJtLuD,��Ni�rJM� �*@CD*mC�GD.��D*F�HoJM��DGFIHoD,�GNM�
R
� JMmCmnB�� �*NP��N�NP�OmCDG@��tJMLuN

svJM@CJ,JA@Cx � NMmCB�LuJMLuD � �ENP�vJM� �XwyNM��N�HoD*��NMm>xu��J,@nD � B�qMNA�EB�FuDGJM@>s�DG��xuDGFuJ �
Rc � R � L

�
N � 	M�E�Gxu�EN LuD�D ��s�NiDGFIHCDGmXD �ZD*HCBE�PNMm

αL

�v�GJ �0xOBEHoN BE��su@nDG�*B�mCNO��zXJM@CJ NPm���JMB�NM@CDGm HoJM��JMF��uNPm
LuD.mCxu�um�Ho@CJtHoNu� DGFu�*NPFIHo@oJt��NPm�D ��s�N�D*F�HCDGm

α2

DGFIHC@CD
0.11

D
0.20

��svJt@oJ�HCN�LuNMm�NPm��MJt��NP@nDGm
LuD

l̄
� !SmCmCJ��tJM@nB JMpGqMN�LuD

α2

mCD�LuD*�MD ���0xuLvJMFOprJ�LuD.BEFu�G�EB�FvJtprqMN FuD*mCmCJ�@CD � B qtNu�vJMF 	t��N � J
�M��xuD*� J���NPm�Ho@oJtLvJ	FuJ�� � xu@CJ �u��� �P�|�GNP��N	s�NiLuDG��NPm,�PD*@0FvJMm�� � mG� �u��� ���kJ ��D �u��� ���Z���9�
l D��ixuJM����xuD*@ �ZNP@n� J�D*mCmCD D ��s�NiDGFIHCD�
 ��D*� ��D*FuNP@���xuD N��MJt��NP@SD*mCs�DG@oJtLuN0svJM@CJ.J��G��JMmCmnD
�,z��X�

�XB � xu@oJ �u��� ¡OQ ��JM@CB�JMprqtN LuJ @Cx � NPmCBELvJMLuD �EN��GJM�<�GNP� N HKJM��JMF��ON LuD�
CJMFuD*� J svJM@CJ xu�
HKJt� JMF��uN LuD � @oqMN � 
GLuBEN

l̄ = 16
��xu�
HoJM��JMF��uN!LuD�mCxO�umnHC@oJtHCN

L = 4096
D HoDG��s�NPmGQ

t = 200(4)
�
t = 400(◦) D t = 800(�)

�

� B�FIHCDG@CD*mCmCJMFIHoD FuNMHKJt@C��NPm>��xuD N,D ��s�NiDGFIHCD�NP��HoB�LON,JtHo@CJ ��
Gm�LvJ,@Cx � NPmCBELvJMLuDULOD mCJtHoxi}
@oJtprqMN 
M�IJMsO@CN ��B���JMLvJM��DGFIHoDt�tN ��D*mC��N�NP��HoB�LON svJM@CJ JMm|� JtB�NP@nDGm B�Fu�*��B�FuJMp��iDGm �kFuJ�@CD � B qtN
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Rc � R � L
�SFvJ��*xu@n�tJ�LvJ.@nx � NPmnB�LvJMLOD��EN��GJM� �IN.�ixOD �GNMF��v@C��J.FONPmCmCJ�B�L�
*B J,LuD ��xuD JMm

B�FO�G��BEFvJMp���D*mS��D*FuNP@CD*mymCqMN0JMs�DGFuJMm�xO� Ho@oJtFumCBEDGFIHoDt� � � 
*� LuB�mnmCNu�iDGmnmCD�@CDGmnxu�EHoJMLuN.��NPm�Ho@CJ
��xuDbFvqtN�� 	 D*mC�GJM� J�JMF �P��JM� J!FuN mCB�m�HoD*� JO�|N ��xuDbmnDb�GNMF��v@C��J�s�DG�EN �*NP��s�NP@�HKJM��DGFIHoN
LvJ @Cx � NPmCBELvJMLuD��EN��GJM� �GJM���*xu� JtLvJ�DG� LuB �ZD*@CDGFIHCDGm<HoD*��s�NPm<FuN�@CD � B���DALuD,�*@CDGmn�GBE��D*F�HCN�LvJ
@Cx � NPmCBELvJMLuD � ��NP�vJt� ��� � � �u� �r¡ �9�

�XB � xu@oJ �O� � �iQ ��DGpGqMN @nD*HKJ LuD�xu��J mCxus�DG@ �Z���GBEDM�uD*�
d = 2 + 1

D
t = 500

�uLuNMm ��NiLuDG�ENPmGQ
J �yLuD*s�NMmCB�pGqMN�LuD � @oqtNPm � ���yLODGs�NPmCBEprqMN��vJM�E��m�HoB��GJO�

� J � � xu@oJ �u��� ���kJ �9� ��NPm�Ho@CJM��NMm �GNM@nHoD*m�LuD0xu��JbmCxOs�D*@ �Z���*B�D0sO@CNiLux��GBELvJ s�DG�ENbFuNPmnmCN
��N�LuD*��Nu� DbD*� �u��� ���Z����s�NP@.LuDGs�NPmnB�prqtN`�vJM�E��mnHCB��GJO�XJt�0��NMm�DG�

d = 2 + 1
D svJM@oJ�xu�

HoD*��s�N
t = 500

��z|NiLuD*��NPm FuNMHKJt@ FuD*mCmoJtm � � xu@CJMmA��xuD�JMm�LuB �ZD*@CDGFOprJMmALOD�JM�EHCxu@oJ���Ni�rJMBEm
moqtN^�0xuBEHCN � @CJMFuLuD*m ��xvJMFuLuN �*NP��suJM@oJMLuJMm �M��xuD*� JMm�LuN^s�D*@ �v�yNP�OHoBELuN`svJt@oJ N^��N�LODG��N
���u? � JM��su��B�JMLuN���� � � "O�#% �9� � � 
G� LuB�mnmCNu��DGmnmoJMm�LOB �ZDG@nDGFupGJMm mCqMNb��DG� � JtB�NP@nDGm svJM@oJ�N
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-�

��N�LuD*��N<LuD�LuD*s�NPmnB�pGqMN LuD � @oqMNPm�LON���xuD�svJM@CJ�J LuDGs�NPmnB�prqtN �uJM���EmnHoBE�rJO��z NP@ NPxOHo@nN � JMLuNO�tJtm
�GNM@C@CD*p��iDGm LuD�DGmn�rJM��J svJt@oJ N ��NiLuDG�EN � �u? ��� NPx,mnD 
CJO�t�GNP@n@CDGp���D*m|FONPm�D ��s�NiDGFIHCDGmX��DGLOB�LuNPm
moqtN��0xOBEHoN �Z@CJM�rJtmG��DGFu��xvJtF�HCN svJt@oJ!LuDGs�NPmnB�prqtN	�uJM���EmnHoBE�rJ D*mCmCJMm��*NP@C@nDGp��iDGm,mCqMN �ZNM@nHoD*m,D
DG� FuNMmCmCN^��NiLuDG�EN	HoJM�0� 
G��moqtN`�0xuB�HoN��ZNP@nHCDGmG� � mCmnN^B�FuLuBE�rJ ��xuDb��xvJMFIHoN � JMBENP@CD*m�Jtm
LuB �ZDG@CD*FuprJtmXLuD�JM�EHCxu@oJtm|�EN��GJMB�m���JMB�NM@CDGm�mnDG@oqtN�JMm �GNP@n@CDGp���D*m>LuD�DGmn�rJM��J�svJM@CJ J @Cx � NMmCB�LuJMLuDM�

� ��� � 5 �^5 � 3�� � +y'*) +y- � ) � '*1 � =|'	� �!' ���,- 3!5�&g) � ) ��
 -�1

3 5 � = �,-�1

zXJt@oJ�JMFvJt��B�mCJM@|JAB�F �vx &GFu�*B J LvJALOB�mnHC@CBE�uxuB�pGqMN LONPm>HKJM��JMF��ONPmXLuD � @oqMNAD*��HCNP@CFuN LuNA�tJM��NP@
� 
GLuBENu�MFu{MmSxOHoBE��B �GJM��NPm�LuxvJMmSNPx�Ho@oJtmSLuB�m�Ho@CBE�uxuBEp��iDGmXLOD<su@CNP�uJM�uB��EB�LvJtLuD�suJM@oJALuD9HoD*@C��B�FvJM@
N�HoJM� JtF��uN�LuN � @CqMN J.mnDG@ULODGs�NPmCB�HKJMLuNO� � {Pm��GNPFOmCB�LODG@oJt��NPm�N0�rJtmCN0��JMB�m�mCBE��sO��DGm�NPFuLOD
LuD*s�NPmnBEHoJM��NMm � @oqtNPm LuD�HKJM��JMF��uN � �ON

l̄
�vNPx mCD 
CJO�vxu��J�LOB�mnHC@CBE�uxuB�pGqMN l D*�EHoJ�LOD l BE@oJM�

P (l) = δ(l − l̄),
� �O�#� �

�GNM� �tJM�ENP@���
*LuB�N
l̄
D�HCN�LuNMm�NPm�LuDG��JMBEm���NP��DGFIHoNPm�F�xu��NMmG�U�*NPF��ZNP@n��D	��NMmnHo@CJMLuN FvJ

JMs�&GFuLOB��GD � �
� {Pm xumCJM��NPmUHKJM��� 
*��J LuB�m�Ho@CBE�uxuBEprqMN��,JMxumnmCB JtFvJ

P (l) =
1√
2πσ

� −(l−µ)2

2σ2 ,
� �O� � �

NPFuLOD
µ

,N �tJM��NP@y��
*LuB�N D

σ2

,N�mnD � xOFuLuN ��NP��DGFIHoN LuJ�LuBEmnHC@CB��OxuB�pGqMNu�

� @oJMB � ��xvJMLO@oJMLvJ\LuN\mnD � xOFuLuN���NP��DGFIHCN�LuD^xu��JgLuBEmnHo@nB��uxOB�prqtN�DGm�H 	"JMmCmnN��*B JMLuJ
�^mCxvJ^��JM@ � xO@oJ �kLOB�mCs�DG@nmoqMN �9� � N Jts+&*FuLuB��*D � �S��NPmnHC@oJM��NPm.�ixOD	suJM@oJ J^LuB�m�Ho@nB��uxuBEprqMN
LuD�z|NPBEmCmnNPF�N	mCD � xuFuLuN`��NP��DGFIHoN �tJM��D

l̄
�XN	��xuD FONPm�L 	 xu��J	LOB�mCs�DG@nmoqMN�B � xuJM��J √

l̄
�

� � JM@ � xu@CJ LuJ	LuBEmnHC@CB��OxuB�pGqMN l DG��HKJ�
�F�xu��JO��zXJM@CJ�J LuB�m�Ho@nB��uxuBEprqMN	�,JMxumnmCB�JMFvJO��xumCJM��NMm

σ = l̄/3
� l DGmnmoJ �ZNM@C��JO� svJM@oJ\N\HKJt� JMF��uN

l̄ = 32
��J"LOB�mCs�DG@nmoqMN"LvJ\LuBEmnHC@CB��OxuB�pGqMN
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 �

�,JMxumCmnB JMFuJ 
t� JMsu@nN ��BE� JMLuJM��D*FIHoDM�ON�LuNM�u@CN�LvJ�LuB�mns�D*@CmCqMN�LuJ�LuBEmnHC@CB��OxuB�pGqMN0LuD.z|NPBEmCmnNPF
�Z�MDG@�� � xO@oJ �u� � 
 �9�

�XB � xu@oJ �u���%
OQ l B�mnHC@CBE�uxuB�pGqMN�LuD0z NPB�mnmCNPF �k��BEF��vJ Ho@CJM�GD 
CJMLvJ �<D�LuBEmnHC@CB��OxuB�pGqMNb�,JMxumnmCB�JMFvJO�
�GNM�

σ = l̄/3
�k�EB�F��vJ0s�NPFIHoBE� �vJtLvJ �9��svJM@CJ�xO� HKJM��JMF��ON ��
*LuB�N LuD � @CqMN

l̄ = 32
�

� J�� � xu@oJ �u���$% ��NPm�Ho@oJt��NPm�N^�GNM��s�NP@nHoJM��DGFIHoN	HoDG��s�NP@oJM��LvJ`@nx � NPmnB�LvJMLOD � �ENP�vJM�
D�DGmCsuJM�GB�JM�SLvJ�@nx � NPmnB�LvJtLuD���Ni�rJM� ��DG�

d = 2 + 1
� svJM@oJ

l̄ = 32
xumCJMFuLuN�NPm�HC@ &*m�HCB�s�NPm

LuD.LuB�m�Ho@CBE�uxuBEp��iDGmG�<wyNP��N�s�N�LuD*��NMm �MDG@G��N �OFuB��*N D �ZD*BEHCN�LvJ�LuB�m�Ho@nB��uxuBEprqMN 
.�0xuLvJM@ xu�
s�NPxu�GN Nb�tJM�ENP@ALvJ!@Cx � NPmCBELvJMLuDt��� JtmA� JtF�HCDGFuLON�Jtm�su@CNPsO@CB�D*LvJMLuD*m�LuD�DGmn�rJM��JbB�FvJM��HoD*@oJe}
LvJMm*�"!SmCmCD.JMxu��DGFIHCN FvJ @Cx � NMmCB�LuJMLuDAmnD�LOD*�PD��0��JMB�NM@yLuD*s�NPmnB�pGqMN LuD � @CqMNPm � @CJMFuLuD*m<FuN
mCBEmnHCDG��JO��zXJM@CJ�J�LuBEmnHo@nB��uxOB�prqtN l DG��HKJO�vNMm � @oqMNPm<LODGs�NPmCB�HKJMLuNMm H &G� xO� HKJM��JMF��ON �OFuB��*N

l = 32
��zXJM@CJ�J!LuBEmnHo@nB��uxOB�prqtN!LuD�z|NPBEmCmCNMF �|D���B�mnHCD�J sO@CNP�vJt�uB��EB�LvJMLOD0LuD�LuDGs�NPmnBEHKJt@C��NPm

� @CqMNPm � @CJMFuLuD*m��
l ≈ 64

�yDM�v�*NP��N0�PDG��NPm FvJ � � xO@oJ �u���%
O�OsuJM@oJ�J LuB�m�Ho@nB��uxuBEprqMN ��JMxOmCmCB }
JMFvJ.DGmCmCJ0su@CNM�vJM�uBE��B�LuJMLuD 
 �*NPFumCBELuDG@CJr�PDG�E��D*FIHoD���JMB�NP@*� � mCmnB��	�OJ���xvJtF�HCB�LvJtLuDALuD � @oqMNMm
LuDUHoJM� JtF��uN

l ≈ 64
su@CD*mCD*F�HCD�F�xu��JAmCxOs�D*@ �Z���*B�D � DG@oJtLvJ��GNP��JALuB�m�Ho@CBE�uxuBEprqMN,�,JMxumnmCB�JMFvJ


,� JtB�NP@<LuN���xuD�FvJM��xuDG��J � DG@oJtLvJ��*NP� J LuB�m�Ho@nB��uxuBEprqMN�LuD�z NPB�mnmCNPF � ��xuD.s�NP@<mnxvJ��MD���

��JMB�NP@�LuN��ixOD��*NP��J LuBEmnHo@nB��uxOB�prqtN l DG��HKJO�
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M¡

�XB � xu@oJ �O� �$%�Q���JM@CB�JMprqtN!LvJ	@nx � NPmnB�LvJtLuD � J � � ��NP�vJt� 	�������	 � HCDG��s�N D��k� � ��Ni�rJM� 	�������	 �
HKJt� JMF��uNALuD 
CJtFuDG��JO�>z|JM@oJ�JMmXLuB�m�Ho@CBE�uxuBEp��iDGmXLODUHKJM��JMF��uN LuD � @CqMNuQ l DG��HKJ

(+)
��z|NMB�mCmnNPF

� ◦ �yD��,JMxumnmCB�JMFvJ � � �9�v�*NP� xu� HKJM��JMF��uN�� 
GLuBEN LuD � @oqtN
l̄ = 32

�

� m0�*xu@n�tJMm�LvJ @Cx � NPmCBELvJMLuD � ��NM�vJM��D @nx � NPmnB�LvJMLOD ��Ni�rJt��suJM@oJ
d = 1 + 1

moqMN^JtF 	e}
��N � NPm �Mm,LuD

d = 2 + 1
� � � � �u���$% �;��D�HCN�LuJ	J!LuBEmC�*xumCmCqMN JtF�HCDG@nB�NP@�mnD�Jtsu��BE�rJ HKJt�0� 
*�

FuD*mCmCD��GJMmCNu��? �kJtHoN!LuD NMmAD ��s�N�D*F�HCDGm,LuD D*mC�rJt� JbLvJb@nx � NPmnB�LvJMLOD0FvqMN!LuD*s�D*FuLuD*@CDG��LOD
�GNM��N NPm�HoJM� JtF��uNPm�LuD � @CqMNPm�DGmnHoqMN�LuBEmnHC@CB��Oxu��LuNMm�D*� HCNP@CFONgLuNgHoJM��JMF��uN ��
*LuB�N 

xu� @CDGmnxu�EHoJMLuN B���s�NP@nHoJMFIHoDbs�NPB�m*��FvJ^� JMBENP@CB�J	LONPm�su@CNi�GD*mCmCNMm�LuD!�*@CD*mC�GBE��D*FIHoN LuD �v��}
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��DGm �vFuNPm�s�NP��BE�G@CBEmnHoJM��BEFuNPmG��DGmnmoJ�LOB�mnHC@CBE�uxuB�pGqMN LuD*�MD�D*mnHoJM@�JtmCmCNi�GB�JMLvJ	JMNPm,��DG�rJtFuB�mn��NPm
LuD�LuB �ZxumoqtN�D�F�xu�*��DGJMprqMN�FuNMm D*mnH�	 � B�NMm<B�FuBE�GB JtB�m�LuN��G@CD*mC�*B���DGFIHoNu���|JMBEm<��D*�rJMFuBEmC��NPmUmCqMN
�Z@CD*��xuDGFIHoD*��D*FIHoD�LOB �Z���*DGBEmyLuD�mCD*@CDG� ��NiLuDG��JMLuNPm*�

� �
� � 'G1 � =|' � �!' �('�5 1 3!5 & � +�-.1�'*3 ).3!5

� @oJM�vJt� �uNPm @CDG�*DGFIHoD*m�H &G� ��NPm�Ho@CJMLuNb��xuD�xu��J��ZNP@n� JbJt�EHoD*@CFvJeHoBE�tJ suJM@oJbLuD9HoD*@C��B�FvJM@ J
�G��JMmCmnD.LOD.xuFOBE�PD*@CmCJM��BELvJMLuD,LuD�xu��su@nN��*DGmCmnNbLuD��G@nDGmC�*B���DGFIHoNO����DG����JMBEm<su@CD*�GB�mCJ���xuD.J
DGmn�rJM��J LvJA@nx � NPmnB�LvJMLODM� 
<JA�*NP��svJM@oJtprqMNALODULuB�m�Ho@nB��uxuBEp��iDGm|LuDU@Cx � NPmCBELvJMLuDyJMN���xvJMLu@CJMLuNu�
FuN DGm�HKJMLuN DGm�HKJM�*B�NPF�	M@CBENu����DGmn��N DG� sO@CNi�GDGmnmCNPm�LuD �G@nDGmn�GB���DGFIHCN NPFOLuD J^D*mC�rJt� J LvJ
@Cx � NPmCBELvJMLuD.JMsu@nDGmnDGFIHKJ �*NP@C@nDGp���D*m LuD�HKJM��JMF��uN �vFuB�HoN��0xuBEHCN �ZNP@nHCDGmG���GNM��N�FuN ��N�LODG��N
LuD LuD*s�NMmCB�pGqMNb�vJt����m�HoBE�rJO���ZNPBX��NPm�Ho@oJtLuNbs�NP@ � Jt@oqMN!� DGBEm 
 �M¡ �>��xuD�Jtm�LuB�m�Ho@CBE�uxuBEp��iDGm LOD
@Cx � NPmCBELvJMLuD,Jtsu@CD*mCDGFIHoJM���GNP@n@CD*p��iDGm��Z@oJM�GJMmG�

� N.DGmnHoJMLuN.DGmnHoJM�GBENPF 	M@nB�N �
t � Lz

�9��J.@nx � NPmnB�LvJtLuD LuD mCJtHoxu@CJMprqtN�JMN.��xvJMLu@CJMLuN �Z��xuD
� �vJM��JM@nDG��NPm>JM��xuB�LuD

W2

�XJMsO@CDGmnDGFIHKJ �vx�HoxvJMp���D*m>DG�(HoNM@CFuNALONA�MJt��NP@ ��
*LuB�N 〈W2〉
svJM@CJ

LuB �ZDG@CD*FIHoDGm�HCDG��s�NPm D svJM@oJbLOB �ZDG@nDGFIHoD*m�JM��NMmnHo@CJMmG� !SF�HoqMN mCD �*@CDGmn�GD*��NPm,LuD*s�{MmCBEHCNPm,JtH 

HoD*��s�NPm

t � Lz
D�JbsvJM@�HoBE@ LvJM�X�GNP�ED*HKJt��NPm �tJM��NP@nDGmALOD

W2

��s�N�LODG��NPm �*NPFumnHC@CxuBE@�xu��J
LuBEmnHo@nB��uxOB�prqtN LOD�su@nNP�vJM�OB���BELvJMLuD

P (W2)
�yHKJt�<�ixOD

P (W2)dW2


�J su@nNP�vJM�OB���BELvJMLuD!LOD
Ni�GNP@n@CDG@<xO� �tJM��NP@yLuD,@Cx � NMmCB�LuJMLuD,JMN���xvJMLu@CJMLuN�FuN�B�FIHoD*@n�tJM��N

[W2, W2 + dW2]
�

wUJMLvJ��*� JMmnmCD�LuD�xOFuBE�MDG@CmCJM��BELvJMLuD HoD*� xu� J�LuB�m�Ho@nB��uxuBEprqMN,LuD�@Cx � NPmCBELvJMLuD �GNP� �ZNP@n� J
�rJt@oJM�9HoDG@n��m�HoB��GJO�"!S� ��N�LuD*��NPmyLuD,�G@CD*mC�*B���DGFIHoN���BEFuDrJM@nDGm<�*NP��N�J DG��xvJtprqMN�! ( NPx	J�LOD
( NP� � } �AB��E� JMBEF � DGmnmoJMm.LuB�m�Ho@CBE�uxuBEp��iDGmAs�N�LODG�
mnDG@�NP�OHoBELvJMm,D �OJtHoJM��DGFIHoD�DG�

d = 1 + 1
D

�GNM��sux�HKJMLvJtmX�GNM� �uJMmnHoJMFIHoDysO@CDG�*B�mCqMNADG�
d = 2+1


 ��%O�*�M ��*� � � �>z NP@ 
*���tDG� B�FIHoD*@ �kJM�*DGm
LuD*mC�G@nBEHoJMm s�NP@!D*��xvJMp��iDGm FvqtNt} �EB�FuDGJM@CD*mG� �GNP��N"J ��z��X�UD*mCmCJMm�LOB�mnHC@CBE�uxuB�p���D*mbFvqMN"mCqMN
�GNMF��uDG�*B�LvJtm.D��uJeHKJM��DGFIHoDt� ��B���xu� JMp���D*m�LuD ��NiLuDG�ENPm�FvJ��*� JMmnmCD �,z � 
+� %O��� �M�|� ��� �t¡ � �
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��NPmnHC@oJM@CJM� J�D ��BEmnH &*Fu�GB�J LuD,xu� J LuBEmnHC@CB��OxuB�pGqMN xuFuB��PDG@nmoJM� �u��xuD,DGmn�rJM��J��*NP��N

PL(W2) =
1

σ
Ψ

(

W2 − 〈W2〉
σ

)

,
� �O� ¡ �

NPFuLOD
σ ≡

√

〈W 2
2 〉 − 〈W2〉2


,J �vxOHoxuJMprqMN�@n��m LvJ LuBEmnHo@nB��uxOB�prqtNu�

�XB � xu@oJ �u� �M OQ l BEmnHo@nB��uxOB�p��iDGm�LuD	@Cx � NPmCBELvJMLuD FuNM@C��JM��B �rJMLvJtm FuN D*mnHoJMLuN�D*mnHKJt�GB�NMF 	M@CBENuQ
svJM@CJ Nb��N�LODG��N�LuD0LODGs�NPmCBEprqMNbLOD � @CqMNPmG���GNP�

l̄ = 8
D0LOB�mnHC@CBE�uxuB�p���D*m�LOD z|NPBEmCmnNPF �k�*��@~}

�GxO��NPm��yD��,JMxumnmCB�JMFvJ �k��xvJMLO@oJMLuNMm �9�vD,svJt@oJ N���NiLuDG�EN�� �O? � �Z��B�F��vJ0�GNPFIHC��F�xvJ �;�

� {Pm��GJM���*xu� JM��NPm.LuB�m�Ho@CBE�uxuBEp��iDGm�LOD	@nx � NPmnB�LvJtLuD!svJM@CJ`N ��NiLuDG�EN`LuD LuDGs�NPmnB�prqtN LOD
� @CqMNPmG� D*�

d = 2 + 1
� svJM@CJ�mnxu�umnHC@oJtHCNPmALuD�HKJM��JMF��ON

L = 1024
xumCJMFuLuN!Jtm�LuBEmnHC@CB��OxuB�}

p��iDGm LuD0z NPB�mnmCNPF^D0��JMxOmCmCB�JMFvJ suJM@oJ�LuD*HCDG@C��B�FuJM@�NMm HKJM��JMF��ONPm�LONPm � @CqMNPm BEFu�GBELuDGFIHCDGmG�
zXJt@oJ��GJMLvJ xO� J LuDGmnmoJMm�LuB�m�Ho@CBE�uxuBEp��iDGmG� �ZNP@CJM���G@nDGmC�*B�LuNMm �M P  LuD*s�{PmnBEHCNPm�D�svJM@CJ��rJtLvJ
LuD*s�{PmnBEHCN �t P P  JM��NPmnHC@oJMm<LOD

W2

�ZNP@oJM� �GNP�ED*HoJMLvJMm<FuN�@CD � B���DAD*mnHKJt�GB�NMF 	M@CBENu�OD*� B�FIHCDG@�}
�tJM��NMm�LuD �  	suJMmCmnNPm.LOD�HCDG��s�NO� � J�� � xu@oJ �u� �M !Fu{Pm,��NPmnHC@oJM��NPm�DGmnmoJMm�LuBEmnHo@nB��uxOB�p��iDGm
svJM@CJbxu� HoJM��JMF��uN!� 
GLuBENbLuD � @CqMN

l̄ = 8
����DG� �GNP��N JbLuB�m�Ho@nB��uxuBEprqMN NP�OHoBELvJ svJt@oJbN

��N�LuD*��N����u? �0DG� xO� mCxu�OmnHo@CJtHoN�LuDUHoJM� JtF��uN
L = 256

�M�ixODM�i�GNP��N�LuB�mn�GxOHCB���NPmSJMFIHCD9}
@CBENP@C��DGFIHCDM� 
 N ��N�LuD*��N���xuD��ZNP@nFuDG�*DA@CD*mCxu��HKJMLuNMmU� JtB�m�su@CD*�GB�mnNPmULvJ.�G� JtmCmCD ��z��X�OwyNP��N
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s�N�LuD*��NMm �MDG@CB �v�rJt@ FuD*mCmoJ � � xu@oJ�� � 	�xu� ��NP� �*NP� JMsOmCN LONPmALvJMLONPm svJt@oJ�N ��NiLuDG�EN�LOD
LuD*s�NPmnB�pGqMN�LOD � @CqMNPm �GNP��NMm�LuN���N�LuD*��N����u? ��� � mCmCN s�NiLuD,mCD*@ �GNMF��v@C��JMLuN�FvJ � � xu@CJ
�u� � �P�>NMFuLuD JMsu@nDGmnDGFIHKJM��NPm0N^�EN � JM@nBEHC��N LuD

σPL

suJM@oJ HCNP@CFvJt@�N^�GNM��s�NP@nHoJM��DGFIHoN�LvJ
�rJtxuLvJ�LuJ�LuBEmnHo@nB��uxOB�prqtN	��JMBEmA��BEmC���PDG� � !SmCmnDb��NM���GNP��JMsumCN	�GNM� NMm.LvJtLuNPm�LuN ��N�LODG��N
���u? �!BEFuLuBE�rJ ��xuD,N�FONPmCmnN���N�LODG��N LOD�LODGs�NPmCBEprqMN�LuD � @CqMNPm DGm�H 	�FvJ �G� JtmCmCD �,z��X�

�XB � xu@CJ �u� �'�PQ l B�m�Ho@nB��uxuBEp��iDGm<LuD,@nx � NPmnB�LvJMLOD�LvJ � � xu@CJ/�u� �M  DG� DGmC�GJM� J���NMFuN� �N � �

zXJM@CJ�NM�OHoD*@C��NPm B�F��ZNP@n� Jtp��iDGmU��xvJMFIHCBEHKJeHoBE�tJMm<mnNP�u@nD�J �ZNP@n� J LvJMm LuBEmnHC@CB��OxuB�p���D*m<s�Nt}
LuD*��NPm.xumoJt@0@oJ�����D*m0JMLOB���DGFumnB�NPFvJtB�m,LuNPm.��NP��DGFIHCNPm��*DGFIHo@CJMB�m.LuDGm�HKJO�SmnDGFuLuN^D*mnHCDGm LuD;}
�vFuBELuNPm�s�NM@

Mn(L) ≡
∫∞

0
(W2 − 〈W2〉)nPL(W2)dW2

�	? �GNiD �v�*B�DGFIHCD�LuD JMmCmnB���D*HC@CB J
�km�	MD � FuDGmnm ��LvJbLuB�m�Ho@nB��uxuBEprqMNO�

S ≡ M3

M
3/2
2

� 
 xu��J ��DGLuBELvJ LuD0��xvJtF�HCN	JbLuB�m�Ho@CBE�uxuBEprqMN�

JMmnmCB�� 
*HC@CBE�rJ�D*��@nDG��JMprqMNAJMNAmCD*x �MJt��NP@ ��
*LuB�NO� � 	ixO@nHoNMmCD<LvJALuBEmnHC@CB��OxuB�pGqMN

K ≡ M4

M2
2
−3

�

�xu��J���DGLuBELvJ0LuN�JM� �vJeHKJM��DGFIHoN LuJ�LOB�mnHC@CBE�uxuB�pGqMN�D*� @CD*� JMpGqMN �0xu��J��,JMxumCmnB JMFuJ0�GNP�
��DGmC��J,LuB�mns�D*@CmoqtNu� � s�DGmCJM@yLODGmCmCJMmyLOxvJMmy��xvJtF�HCB�LvJtLuDGm�FvqMN�mnDG@nDG� mCx��u�GB�D*FIHoDGmysvJM@oJ,�rJ }
@oJt�*HoD*@CB �rJM@��GNM��su�ED*HoJM��D*FIHoD�J�LuBEmnHC@CB��OxuB�pGqMNu� DG��JMm�moqMN��vJMmnHoJMFIHoD �OHoD*B�m svJM@oJ �GNM��svJt@oJMp���D*m
LuD�mCxvJMm �ZNP@C��JMm*� � J�@CD �ZDG@ &*Fu�GB�J 
 � � ���ZNP@CJM� NP�OHCB�LuNPm�NPm�mCD � xuB�FIHCDGm��tJM�ENP@CD*m�LOD m
	tD � FuD*mCm
D 	ixO@nHoNMmCDM�SsuJM@oJ LuB�m�Ho@nB��uxuBEp��iDGm,FvJ	�G� JtmCmCD �,z �XQ

S = 1.70 ± 0.02
D

K = 5.4 ± 0.3
�

!S� FuNPmCmnNPm0��N�LODG��NMm��*NP� LuB�m�Ho@nB��uxuBEp��iDGm�LuD�HoJM��JMF��uN	LuD � @oqMN`��JMxOmCmCB�JMFvJ �
G
��D�LuD
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z|NMB�mCmnNPF��
P
�|Fu{Pm�DGFO�GNPFIHo@CJM��NPmGQ

SG = 1.65±0.08
�
SP = 1.66±0.07

�
KG = 5.1±0.6

D
KP = 5.2± 0.7

� � �GNMFu�GNP@nL �MFu�*B J0LuD*mCmnDGm<@CD*mCxu��HKJMLONPm 
Axu��J��*NPF��v@n� JMpGqMN0LvJ.DGmC�GJM� J
�,z�� LuN�FuNPmnmCN���NiLuD*��Nu�

wyNP��NgLuBEmC�Gx�HoB���NPm�FvJMm�mCDGp���D*m!JMFIHoD*@CBENP@CD*mG�UN\Jtxu��D*FIHoNgLONgHKJM��JMF��ON � 
GLuBENgLuNMm
� @CqMNPmG� svJM@oJbxO� HoJM� JtF��uNbLuD mnxu�um�Ho@oJeHoN ����Nu��B���su�EB��rJ�DG� �GNP@n@CD*p��iDGm�LuD0D*mC�GJM� Jb��JMB�m
�ZNP@�HoDGm�svJM@CJ�J.@nx � NPmnB�LvJtLuDM� l D��kJtHoNO�iNM�umCD*@n�tJM��NPm�HoJM�0� 
G� s�DG��xuDGFONPmULuD*mn�iB�NPmyFvJMmyLOB�m�}
Ho@nB��uxOB�p��iDGmXLuD @Cx � NMmCB�LuJMLuD<DG��@CDG��JMprqtN �M��xuDG��J,LON���NiLuDG�EN�� �O? ���P��xuD Jtxu��D*FIHKJM���GNP�
N!HKJM��JMF��ON!LuN � @oqMN � � � xu@CJ �O� �P���9� z NP@ 
*��� 
�B�FIHoD*@CD*mCmoJtF�HCD�FONMHKJM@ �ixOD�D*mCmCD*m.LODGmn�iBENPm
moqtN s�DG��xuDGFONPm0D�svJM@oJ	N�HoJM� JtF��uN

l̄ = 8
Jtm��GxO@n�tJMm�DGmnHoqMN`su@CJtHoBE�rJM��DGFIHCD��*NP� JtsumoJMLuJMm

��� � �)�u� � � �9�

�XB � xu@oJ �u� �P��Q l BEmnHo@nB��uxOB�p��iDGm�LuD	@Cx � NPmCBELvJMLuD FuNM@C��JM��B �rJMLvJtm FuN D*mnHoJMLuN�D*mnHKJt�GB�NMF 	M@CBENuQ
svJM@CJ^N ��N�LODG��N^LOD	LODGs�NPmCBEprqMN LuD � @oqtNPm �GNP� LOB�mnHC@CBE�uxuB�pGqMN`LuD�z|NMB�mCmnNPF�D	LOB �ZDG@nDGFIHoD*m
HKJt� JMF��uNPm<� 
GLuBENPmULuD � @CqMN � D,svJM@CJ N���NiLuDG�EN�� �u? ���

� �GNPF��u@C��JMprqMN LuD���xuD�FuNPmCmnN���NiLuDG�EN!DGmnH�		FuJ	�*� JMmnmCD ��z�� 
�xu��@CD*mCxu��HKJMLuN BE��}
s�NP@nHoJMFIHoD DG� �iBEmnHKJ LuNPm�LuD*mn�iB�NPm�FuN D ��s�N�D*FIHoD

α2

JMsu@CD*mCD*F�HoJMLuNgJM�GBE� JO� !S� JM� � xuFum
Ho@CJM�vJM� �uNPm�D ��s�D*@CBE��D*F�HoJMB�m*� D��Os�NiDGFIHoD*m�FON!B�FIHoD*@n�tJM��N

0.15 6 α2 6 0.19
mCqMN!DGFO�GNPFIHo@CJe}
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LuNPm*�OJtmCmCBE� �GNM��N�DG� FuNMmCmCN.��NiLuD*��Nu� � mCmCN.��NMmnHo@CJ���xuD�JM��xuD*��DGm�mCBEmnHoD*� Jtm�s�NiLuDG� D*mnHKJt@
@CD*� JM�*B�NPFuJMLuNPm�� �*� JMmnmCD �,z �X�OD���xuD�xu��J JMF 	M�EB�mnDALuD,NPxOHC@oJMm ��xvJMFIHoBELvJMLuD*m �ixOD.FvqtN�D���}
s�N�D*F�HCDGm�LuD DGmn�rJM��J�
 FuDG�*DGmnm�	M@nB J,svJM@oJ�JMFvJt��B�mCJM@C��NPmSJ,��xuDGm�HKqMNO� � � 
G� LuBEmCmnNu��D ��s�NiDGFIHCDGm
s�DG��xuDGFONPmSs�NiLuD*� �kJt�GB��E��D*FIHoD�mCDG@X�GNPF��ZxOFuLuB�LONPm>�GNM��D*mC�rJt� J �EN � JM@n�EHo��B��GJULvJ @nx � NPmnB�LvJMLOD
�k�*� JMmnmCD ! ( �;� � mnmCBE����FuNPmyHC@oJM�vJt� �uNPm�NPFuLODADGmnmoJ DGmn�rJM��J 
AmCx � DG@nB�LvJO��LuD*�MD9} mCD�B�FI�MDGmnHCB � Jt@
J s�NMmCmCBE�uB��EB�LvJtLuD LuD,N�mCBEmnHoD*� J0s�DG@�HoD*Fu�GD*@�� �G��JMmCmnD ��z��X�
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� NMmCmCNMm.@nDGmCxO�EHKJtLuNPm�svJM@CJ	NMm���NiLuDG�ENPmALuD�@CD*LuDGm�s�DG@CBE{�LOB��rJtm�LuD � @oqMNMm���NPm�Ho@CJM@oJM� ��xuD
N �G@nDGmC�*B���DGFIHoN �EB�FuDGJM@ALvJ!@Cx � NPmCBELvJMLuD �EN��GJM� �

α1 ≈ 1
� suJM@oJbHKJt� JMF��uNPmALuD 
CJMFODG� J �

R
�

s�DG��xuDGFONPm<mCDALOD*�PD �tm � @oJtFuLuDGmyLuB �ZD*@CDGFOprJMmULOD�JM�EHCxu@oJ�FvJMm���NP@nLvJMmULONPm � @CqMNPmG�iNPxbmnD 
CJO��

xu� D �ZDGB�HoN suxu@CJM��D*FIHoD � DGNM��
9Ho@CBE�GN ��xuD�FvqMN DGm�H 	 JMmCmnN��*B JMLuN � LuB�F��M��BE�rJyLOD��*@CDGmn�GBE��D*F�HCN
B�FIHCDG@CFON�LuN � @oqMNO�
!SmnHoJ�B�FIHoD*@Csu@nD*HoJMprqMN�
 LOB �ZDG@nDGFIHoD LuN.�ixOD mCD J �v@n� J,DG� su@CJtHoBE�rJM��DGFIHoD
HoNiLuNPm NPm Ho@CJM�vJM� �uNPm D ��s�DG@nB���DGFIHKJMBEm �ixODgDGFO�GNPFIHo@CJM�

α1 ≈ 1
� !SmCmoJ �GNPFu�*��xumCqMN�mCD

�GNMF��v@C��J�s�DG�EN �kJeHoN�LuD���xuD�J�@Cx � NPmCBELvJMLuD.JMN��ixuJMLu@oJtLuN�HoJM�0� 
G���G@nDGmn�GD0�EB�FuDGJM@C��DGFIHoD
�GNM�

R
� � � 
G� LuB�mnmCNu�AD*mCmnDgD �ZD*BEHCN LuD �����������
	���� FvqtN�H &G� FuD*F���xu��J�@nDG� JtprqMN��GNP�

DGmn�rJM��J�JMF �M� JM��J^LvJg@Cx � NPmCBELvJMLuDt�<�GNP��NgHoJM�0� 
G� 
^J �u@C��JMLuNgD*� JM� � xOFum�HC@oJM�vJt� �uNPm
D ��s�DG@nB���DGFIHKJMBEmG�

?Am D ��s�N�D*FIHoDGm�LuJ @Cx � NPmCBELvJMLuD.��D*FuNP@CD*m ��JMm su@C{ ��B���NPm LuD � �Zxu� �<svJM@CJ�s�DG��xuD*FuNPm
HKJt� JMF��uNPmALuD 
CJMFODG� JbD*mnHoqMN	JMmCmnN��*B JMLuNMm � �ZNM@C��JbLvJ!mCxus�DG@ �Z���GBED LuN � @oqtN!D0HKJM�0� 
G� �
��xvqMN�mCxvJr�MDGm NPx Jt�u@Cxus�HoNPm moqtN�NMm LODGmCFO�E�PD*B�m LuD�JM��Hoxu@CJMm<FvJMm ��NP@CLvJtm LONPm � @oqtNPmG�

? �����������
	���� DG� xu� HKJM��JMF��uN LuD�
CJMFuD*� J
Rc

Jtsu@CN ��B���JMLvJM��DGFIHCD�B � xvJM� �b� JM@ � xu@oJ
LuN � @oqMNO�vNP�umCD*@n�tJMLuN�FuNPm ��NiLuD*��NPm ���u? � D.� l �O�(JM��sO��B JtLuNPm<D,HKJM�0� 
G� FuN ��N�LODG��N
LuD LuD*s�NMmCB�pGqMNbLuD � @oqMNPm*� �GNMF��v@C��J ��xuD NbHoJM� JtF��uNbLuD � @oqMNbs�NiLuD0mCD*@�DGm�HoB���JMLuN �GNP�
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su@nDG�GBEmoqMN	JtHC@oJr� 
*m,LuD
Rc

� � � 
G� LuB�mnmCNu�
Rc


 su@CJtHoBE�rJM��DGFIHoD�B�FuLuD*s�D*FuLuD*F�HCD�LOD su@CNPsO@CB�}
DGLuJMLuDGm,LvJ!mnxus�D*@ �Z�E�GB�D��GNP��N J �ZNP@C��J LuN � @CqMN!D�JbLuBEmnHo@nB��uxOB�prqtNbLuD0HKJt� JMF��uNPmALuD*mnHCDGm
DG� HoNP@nFuN�LvJ�� 
GLOB JO�

?AmXD ��s�N�D*FIHoDGm
α2

NM�OHoBELuNPm�svJM@CJ�NPm|��NiLuDG�ENPm � �O? �,DU� l �O�"JM��su��B�JMLuNPm*� �GNPFumnB�m�HoDGFi}
HoD*mU�GNM� JM��xuD*��DGmyDGmCs�DG@CJMLuNPm<suJM@oJ JMmy�G� JtmCmCD*m �,z � D !)((�O@CDGmns�D*�*HCBE�tJM��DGFIHoDt�u��NMmnHo@CJM�
��xuD,DGmnmCD�D ��s�NiDGFIHCD.D*mnH 	�JMmnmCNi�GB JtLuN�JMs�DGFvJMm �Mm �*NP@C@nDG� Jtp��iDGm<DGFIHC@CD � @oqtNPm<FvJ�mCxus�DG@ �Z���GBEDM�
FvqMN�mCN �Z@CDGFOLuN0FuD*F���xu� J�B�F �ux'&GFu�*B J,LvJ��ZNM@C��J,LON � @CqMNu�
! ��s�N�D*F�HCDGm

α2

NM�OHoBELuNPm�DG� mCxi}
s�DG@ �Z�E�GBEDGm @CDrJtB�mG��su@n{ ��BE��NPm �M��xuD*��D*m �tJM��NP@nDGm*��LOD*�PD*� @nDrJM�E��D*F�HCD.mnDG@ JMmCmnN��*B JMLuNMm�� D*mCmCJMm
�G��JMmCmnDGm LuD,xuFuB��PD*@CmoJt��B�LuJMLuDM�

? �G@nDGmC�*B���DGFIHoN0JMsu@CN ��B���JMLvJt��D*F�HCD �GNP�ExuFvJM@�LuN.LuDGs�{PmCB�HoN.LuN���N�LODG��N,LuD LuD*s�NPmnB�pGqMN
LuD � @oqtNPm!DG� HCDG��s�NPm s�DG��xuD*FuNPmG�,NPFOLuD NP�OHoD*��NMm	xO� D ��s�NiDGFIHCD LuD �G@nDGmn�GB���DGFIHCN

β

� @CJMFuLuDt��mnx � DG@nD ��xuD�N�D ��s�N�D*FIHoD
β
B � xvJM�E��D*F�HCD � @oJtFuLuD DGFu�*NPFIHo@oJtLuN0FvJ�@CD �~� 
 � � � s�NPmCmCJ

DGm�HKJM@ JMmnmCNi�GB�JMLuN�JMN���D*mC��N ��D*�rJMFOB�mC��N LuD,�G@nDGmn�GB���DGFIHCNu�
?Am D ��s�N�D*FIHoDGm

0.11 . α2 . 0.20
NM�OHoBELuNPm svJM@oJ�N ��NiLuDG�EN�LOD�LuD*s�NPmnB�pGqMN LuD � @CqMNPm

DG�
d = 2 + 1

�vmCqMN ��DG� su@C{ ��B���NPm LuN�DGFu�*NPFIHo@oJtLuN D*� JM� � xOFumUHo@CJM�vJM� �uNPm D ��s�DG@CBE��D*F�}
HKJtB�mG� !SmCmnDGm!D ��s�N�D*FIHoDGm!s�DG��xuD*FuNPm!s�N�LODG� �kJM�GBE����DGFIHoD	mCD*@b�GNMF��ZxuFuLuBELuNPm��GNP� DGmn�rJM��J
��N � JM@C��Ho��B��GJO� � mnmCB��	� xu� NPxOHo@nN!HoB�s�NbLuD�JMF�	M��BEmCDM� �GNP��N J!LuD�LuB�m�Ho@CBE�uxuBEp��iDGm LOD�@nx � Nt}
mCBELvJMLuDt��mCD �kJ���FuDG�*DGmnm�	M@nB J	JMFIHoDGm�LuD��GNMFu�G�ExuB�@���xuD�JMm,�GNP@n@CD*� JMp���D*m�DGFIHo@nD�NPm � @CqMNPm�mCqMN
LuN	HoB�s�N�!)( NPx �,z��X� � mnmCN`��NPm�Ho@oJ ��xuD FON�Ho@CJM�vJM� �uN	LuD !S��NMH���
 D*H�JM� 
 � ��J�DGmn�rJM��J
�,z��X�INP�umCD*@n�tJMLvJ�svJM@CJ,s�DG��xuD*FuNPm�HKJ �OJMm�LuD LuDGs�NPmCBEprqMNO�PHKJM�0� 
G��s�NiLuD mCD � JMFIHCDG@SsvJM@CJ
� @CJMFuLuD*m HoJ �OJMmG�vNMFuLuD

α2 ≈ 0.16

,NP�OHCB�LuNO�

� m �ZNP@nHCDGm �GNP@n@CDGp���D*m LuD.DGmn�rJM��J�DGFO�GNPFIHo@CJMLvJMm�FuN ��NiLuDG�EN�LOD�LuD*s�NPmnB�pGqMN�LOD � @CqMNPm D
HKJt�0� 
*� DGFu�*NPFIHo@CJMLvJMm|FvJ�LuD*s�NMmCB�pGqMN �uJM���EmnHoBE�rJ<DGm�HKqMN JMmCmnN��*B JMLuJMm �tm � @CJMFuLuD*mXLuB �ZDG@CD*FuprJtm
LuD Jt�EHoxO@oJ��EN��GJMB�m ��xuD0mnD �ZNP@C��JM��FvJMm mCxus�DG@ �Z���GBEDGm�su@CNiLux��*B�LvJMm�s�NM@ DGmnmCD*m���NiLuDG�ENPmG� �
�GNM��svJt@oJMpGqMN LuD�LuB�m�Ho@CBE�uxuBEp��iDGm�LuD�@Cx � NPmCBELvJMLuD��*NPF��v@n� J!��xuD�DGmCmnD�HCB�s�N!LuD JtF 	M��BEmCD0mnD
JMsu�EB��GJ ��xuBEHCN ��DG� svJt@oJ LOD*HoD*@C��B�FvJt@�J �G��JMmCmnD LuD	xuFuB��PD*@CmoJt��B�LuJMLuD	LuD���NiLuDG�ENPm��GNP�
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�GNM@C@CD*p��iDGmALOD�DGmn�rJM��J �0xuB�HoN �ZNP@nHCDGmG���GNM��N 
 	�HoBEF��vJ�mnB�LuN NP�umCD*@n�tJMLuN svJM@oJ J�LuD*s�NPmnB�pGqMN
�vJM�E��m�HoB��GJO�

zXJM@CJ.N��ZxOHoxu@nN�su@nD*HCDGFuLuD*��NMmyDGm�HoxuLuJM@yJ�DGmn�rJM��J.LvJ�@Cx � NMmCB�LuJMLuD DG�8JM� � xuFum���N�LuD*��NPm
�GNM� @CD*LuxupGqMN�LOD @Cxu�ELuNu��JMsO@CDGmnDGFIHKJtLuNPm�FvJ!@CD �~� 
 �-" � ��NMFuLuD�N!�G@nDGmC�*B���DGFIHoN LuD���NPFIHoD*m
� � � 	 ��� � � 
,NP�OmCDG@��tJMLuNu����� �O@CD*�MD�D*mnHoxOLuN�LOD.FuNMmCmCN���N�LuD*��N LuD�LuD*s�NPmnB�pGqMN�LuD � @oqMNMm
B�FO�G��xOB�FuLuN^mnxvJ LuB �ZxumCqMNu��B�FuLOB��GNMx�D���s�NiDGFIHoD*m FvJ �G��JMmCmnD !)( DG�

d = 1 + 1
�y��DGmn��N

�GNM� xu� D ���GD*mCmCN LOD��PD*��Ni�GBELvJMLuD su@nDGmCD*FIHoDAFuN.mCBEmnHoD*� J��iD*FIHKqMN0sO@CD*HCDGFuLODG��NPm �kJ��*DG@�xu��J
JMF 	t��B�mnDA��JMB�m<Jtsu@CN��ZxOFuLvJMLvJ LuD*mCmnD���N�LuD*��Nu�
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��D HoD*��NPm�xu��J^LuB�m�Ho@nB��uxuBEprqMN LuD su@nNP�vJM�OB���BELvJMLuD FuNP@C��JM�EB �rJtLvJ
P (x)

��NPFuLuD
x

	xu��J

�tJM@CB 	r�PDG���*NPFIHo�EFixuJ�LuD �vFuBELvJ�FON�BEF�HCDG@��MJt��N 
 JO� � � � N�mCD*x su@nB���DGB�@nN ��NM��D*F�HCNu�uNPx	N �tJM��NP@
� 
GLuBEN LuD

x
�vmCDG@ 	�LuJMLuN�s�NP@

〈x〉 =

∫ b

a

xP (x)dx.
� � ��� �

? ��NP��DGFIHoN��*DGFIHo@CJM��LuD,NP@CLODG�
n



〈(∆x)n〉 =

∫ b

a

(x − 〈x〉)nP (x)dx.
� � � � �

� N��GJMmCN,DG����xuD
x

yxu� J �tJM@nB 	r�PD*�uJM�EDrJtHC{P@CB�J�LuBEmC�*@CD*HoJ

(x = xi)
�I�ixOD<s�NiLuD<JMmnmCxu��B�@

M
�MJt��NP@nDGm<FuN�B�FIHoD*@n�tJM�EN 
 J�� � � �uHoD*��NMm�J � 
GLuB�J

〈x〉 =
M
∑

i=1

xiP (xi)
� � � " �

D,NPm<��NP��D*FIHoNPm<LuD,NP@nLuDG� � JMBEm<JM��HKJ0moqtN�LvJtLuNPm s�NM@

〈(∆x)n〉 =

M
∑

i=1

(xi − 〈x〉)nP (xi),
� � �#� �

NPFuLOD�NMm
P (xi)

moqMN�su@nNP�vJM�uBE��BELvJMLuD*m �
0 6 P (xi) 6 1

�9�
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� LuB�m�Ho@nB��uxuBEprqMN�LuD,su@CNP�uJM�uB��EB�LvJtLuD LuN�HoBEs�N l DG�EHoJ s�NiLuD�mCD*@�D*mC�*@CBEHoJ �GNP��N

P (l) = δ(l − s),
� � � � �

�GNM�
l
LuD �vFOB�LuN^FuN^BEFIHoDG@��tJM��N

(−∞,∞)
D

s
xu��J �GNMFumnHoJMFIHoDM�gz|D*� J`su@nNPsu@CBEDGLvJtLuDbLvJ

�ZxuFupGqMN
δ

∫ ∞

−∞

f(y)δ(y − y′)dy = f(y′),
� � � ¡ �

s�N�LuD*��NMmU�PDG@ ��xuD�N�su@CBE��D*B�@CN���NP��DGFIHCN�LODGmCmCJ�LOB�mnHC@CBE�uxuB�pGqMN 


l̄ ≡ 〈l〉 = s.
� � � � �

zXJt@oJ0HoNiLuNPm NPm ��NP��D*FIHoNPmU�*DGFIHo@CJMB�m NP��HoDG��NPm

〈(∆l)n〉 = (l̄ − l̄)n = 0
� � � 
 �

� "���� � "�����"�
 ��!�� �����#�#"�� �$�

� LuB�m�Ho@nB��uxuBEprqMN ��JMxOmCmCB�JMFvJ 
,LvJMLvJ s�NP@

P (l) =
1√
2πσ

e
−(l−µ)2

2σ2
� � � % �

NPFuLOD
σ
D

µ
moqMN��GNMFumnHoJMFIHoDGm*�U?(mCD*x su@nB���DGB�@nN0��NP��D*FIHoN 


l̄ =
1√
2πσ

∫ ∞

−∞

le
−(l−µ)2

2σ2 dl = µ.
� � � �r  �

zXJM@CJ�N�mnD � xuFOLuN���NP��DGFIHoN HCDG��NPm

〈

(∆l)2
〉

=
1√
2πσ

∫ ∞

−∞

(l − µ)2e
−(l−µ)2

2σ2 dl = σ2.
� � � � � �
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� N,�GNPFIHC@�	M@nB�N�LvJMmSLOB�mnHC@CBE�uxuB�p���D*m l D*�EHKJAD �,JMxumnmCB�JMFvJO�IJ�LuBEmnHC@CB��OxuB�pGqMNALuD z NPB�mnmCNPF 
<xumCxi}
JM�E��D*F�HCD�LuD �uFuB�LvJ�svJM@CJ0�MJt��NP@nDGm<LuBEmC�G@nD*HCNPmG� B�FIHCDGB�@nNPm<D,s�NMmCBEHCBE�MNPm<LvJ �MJt@CB 	r�MDG��JM�EDrJtHC{P@CB�JO�
!SmnHoJ�LuBEmnHC@CB��OxuB�pGqMN 
,LvJMLvJ�s�NP@

P (l) =
λle−λ

l!
,

� � � � ���
NPFuLOD

λ

�xO� J �GNMFumnHoJMFIHoDM� ��D*x su@nB���DGBE@CN0��NP��DGFIHoN 


l̄ =
∞
∑

l=0

lλle−λ

l!
= λ.

� � � �&" �

zXJM@CJ�N�mnD � xuFOLuN���NP��DGFIHoN�Fu{Mm HCDG��NPm

〈

(∆l)2
〉

=
∞
∑

l=0

(l − l̄)2λle−λ

l!
= l̄.
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