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E LÁ SE PASSARAM MAIS DE 20 ANOS DE 
MECÂNICA ESTATÍSTICA NÃO EXTENSIVA…

O QUE HÁ DE NOVO?



J.W. GIBBS
Elementary Principles in Statistical Mechanics - Developed with Especial 
Reference to the Rational Foundation of Thermodynamics
C. Scribner’s Sons, New York, 1902; Yale University Press, New Haven, 1981), page
35

In treating of the canonical distribution, we shall always suppose the 
multiple integral in equation (92) [the partition function, as we call it 
nowadays] to have a finite valued, as otherwise the coefficient of 
probability vanishes, and the law of distribution becomes illusory. 
This will exclude certain cases, but not such apparently, as will affect 
the value of our results with respect to their bearing on 
thermodynamics.  It will exclude, for instance, cases in which the 
system or parts of it can be distributed in unlimited space […]. It also 
excludes many cases in which the energy can decrease without limit, 
as when the system contains material points which attract one 
another inversely as the squares of their distances. […]. For the 
purposes of a general discussion, it is sufficient to call attention to the 
assumption implicitly involved in the formula (92).



Enrico FERMI              Thermodynamics (Dover, 1936)

The entropy of a system composed of several parts is very 
often equal to the sum of the entropies of all the parts. This 
is true if the energy of the system is the sum of the energies 
of all the parts and if the work performed by the system 
during a transformation is equal to the sum of the amounts 
of work performed by all the parts. Notice that these 
conditions are not quite obvious and that in some cases 
they may not be fulfilled. Thus, for example, in the case of a 
system composed of two homogeneous substances, it will 
be possible to express the energy as the sum of the 
energies of the two substances only if we can neglect the 
surface energy of the two substances where they are in 
contact. The surface energy can generally be neglected 
only if the two substances are not very finely subdivided; 
otherwise, it can play a considerable role. 
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GROUNDING STAT. MECH.: Entropy extremization
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EXTENSIVITY OF THE NONADDITIVE ENTROPY Sq
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Foundations of Statistical Mechanics: A Deductive Treatment 
(Pergamon, Oxford, 1970), page 167
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(All three examples strictly satisfy the Leibnitz rule)
C.T., M. Gell-Mann and Y. Sato, Proc Natl Acad Sc USA 102, 15377 (2005)

I don’t believe that atoms exist!

Ernst Mach (January 1897, Vienna)



C.T., M. Gell-Mann and Y. Sato, Proc Natl Acad Sc USA 102, 15377 (2005) 

Asymptotically scale-invariant (d=2)

d+1

(It asymptotically satisfies the Leibnitz rule)
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When entropy does not seem extensive
John Maddox, Nature 365, 103 (1993)

Everybody who knows about entropy knows that it is an 
extensive property, like mass or enthalpy. [...] Of course, 
there is more than that to entropy, which is also a measure 
of disorder. Everybody also agrees on that. But how is 
disorder measured? [...] So why is the entropy of a black 
hole proportional to the square of its radius, and not to the 
cube of it? To its surface area rather than to its volume?

Jacob D. Bekenstein
Stephen W. Hawking 
Gerard ‘t Hooft
Leonard Susskind
Stephen Lloyd          Juan 
M. Maldacena …



SYSTEMS ENTROPY SBG

(additive)
ENTROPY Sq (q<1)

(nonadditive)

Short-range 
interactions,
weakly entangled 
blocks, etc

EXTENSIVE NONEXTENSIVE

Long-range 
interactions (QSS),
strongly entangled 
blocks, etc

NONEXTENSIVE EXTENSIVE



( )
1( )MB N

NW W=

( ) 1

1

( 1)!
! ( 1)!

BE
N

N WW
N W

+ −
=

−

( ) 1

1

1

!  
! ( )!

                   (N W )

FD
N

WW
N W N

=
−
≤W1=20 W1=50 W1=100

W1=1000
W1=100000

W1=20

W1=50

W1=100

MICROCANONICAL ENSEMBLE

E.M.F. Curado and C. T. (2008)



1

ln
ln

q N

q

W
W

1   ( 0)NW W N ρ ρ= >

11q
ρ

⎛ ⎞
= −⎜ ⎟

⎝ ⎠

( )1q =

1

1

1

1

1

1

20
50
100
1000
100000

W
W
W
W
W
W

=
=
=
=
=
→ ∞

1

1

1

1

1

1

20
50
100
1000
100000

W
W
W
W
W
W

=
=
=
=
=
→ ∞

MICROCANONICAL ENSEMBLE

E.M.F. Curado and C. T. (2008)



q - GENERALIZATION OF THE CENTRAL LIMIT THEOREM
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q - GENERALIZED CENTRAL LIMIT THEOREM:

S. Umarov, C.T. and S. Steinberg, Milan J Math 76, 307 (2008)           
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q - GENERALIZED CENTRAL LIMIT THEOREM:
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d-DIMENSIONAL CLASSICAL INERTIAL XY FERROMAGNET:

(We illustrate with the XY (i.e., n=2) model; the argument holds however true     
for any n>1 and any d-dimensional Bravais lattice)

C. Anteneodo and C. T., Phys Rev Lett 80, 5313 (1998)



C. Anteneodo and C. T., Phys Rev Lett 80, 5313 (1998)
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A. Campa, A. Giansanti, D. Moroni and C. T.,  Phys Lett A 286, 251 (2001)



A. Pluchino, A. Rapisarda and C. T., Europhys Lett 80, 26002 (2007) 

HMF MODEL



XY FERROMAGNET WITH LONG-RANGE INTERACTIONS:

A Rapisarda and A Pluchino, Europhys News 36, 202 (2005) [European Physical Society]
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THERMAL CONTACT BETWEEN SYSTEMS A AND B:



N = 10000
 τ = 0.01
TQSS = 10000
Coupling = 0.1
Init = CATANIA

HOST = NCSA
Program Version = 1.0.a
# Processors = 10

N = 10000
 τ = 0.01
TQSS = 10000
Coupling = 0.1
Init = CATANIA

HOST = NCSA
Program Version = 1.0.a
# Processors = 10

Contact

U1 = 0.69
U2 = 0.72
U1 = 0.69
U2 = 0.72

Charm++ Charm++ NExtCompNExtComp Molecular Dynamics Molecular Dynamics –– 2 Systems Interactions2 Systems Interactions

Time
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B. Bakar and U. Tirnakli Phys Rev 
E 79, 040103(R) (2009)

Fluctuation length distributions



B. Bakar and U. Tirnakli

Phys Rev E 79, 040103(R) (2009)

Distribution of returns

1.5172.35



U. Tirnakli, C. T. and C. Beck    
Phys Rev E 79, 056209 (2009)

LOGISTIC MAP: EDGE OF CHAOS

odd 2n

q=1.63

beta=6.2

even 2n

q=1.70

beta=6.2 

U. Tirnakli, C. Beck and C. T.                    
Phys Rev E 75, 040106(R) (2007)



Hydra viridissima:
A Upadhyaya, J-P Rieu, JA Glazier and Y Sawada,  Physica A 293, 549 (2001)

q=1.5

1 mm
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A Upadhyaya, J-P Rieu, JA Glazier and Y Sawada,  Physica A 293, 549 (2001)



COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

(i)  The distribution of atomic velocities is a q-Gaussian;

(ii)
0

0

             where        recoil energy

                                                   potential depth

441 R
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Experimental and computational  verifications in optical lattices:



Experimental and computational  verifications
by P. Douglas, S. Bergamini and F. Renzoni, Phys Rev Lett 96, 110601 (2006)

(Computational  verification:
quantum Monte Carlo simulations)           (Experimental verification: Cs atoms)
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B. Liu and J. Goree, Phys Rev Lett 100, 055003 (2008)



LASER COOLING:
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SPIN RELAXATION IN SPIN GLASSES (NEUTRON SPIN ECHO):



Pickup, Cywinski, Pappas, Farago, Fouquet, Phys Rev Lett 102 (2009) 097202  
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T.S. Biro, G. Purcsel and K. Urmossy Eur
Phys J A (June 2009) 

MODEL OF QUARK COALESCENCE AT A 
SUDDEN HADRON FORMATION



C.H.S. Amador and L.S. Zambrano (2008)

Hartree-Fock calculations

H U

MENDELEEV TABLE (Ground state energy)

 2.4333
0.58145

( -1)13.60534 zE eve= −

Lr



C.H.S. Amador and L.S. Zambrano (2008)

 2.4333
0.58145

( -1)14.98 zE eve= −

FULLERENES (C60)

Density functional calculations
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LONDON STOCK EXCHANGE (Block market):

Data: I.I. Zovko; Fitting: E.P. Borges (2005)

VODAPHONE stocks (31 May 2000 to 31 December 2002)

Daily net exchange of shares (between all pairs of two institutions)
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[2006 IEEE International Conference on Image Processing, pages 665 ‒ 668]







Kidney Parameters
• 20 parameters were measured

– Embryo kidney mass
– Embryo mass
– Kidney/body mass ratio
– Area
– DBA stained tissue
– Perimeter
– (ellipse) Perimeter (ellipse)
– Cortex area
– Medulla area
– Aspect
– Major axis
– Minor axis
– Feret cortex
– Feret medulla
– Feret kidney
– Roundness
– Tips
– Tips per unit
– Glomeruli
– Glomeruli per unit

• 1 parameter was calculated
– Reverse Tsallis entropy

Valentina Kouznetsova
(2/18/2009)



embryonic day

newborn  week 1  week 4    adult

MORPHOGENETIC 
STAGES

METAGENE MOSAICS 
(self-organizing maps)
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Prediction of the Prediction of the q q -- triplet:triplet: C. T., Physica A 340,1 (2004)





L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005)

[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages]

SOLAR WIND: Magnetic Field Strength
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Strongly non-Markovian noise Nonlinear Fokker-Planck equation:                            A 
mesoscopic mechanism leading to nonextensive statistical mechanics
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Eur Phys J B 58 (2007) 159; Phys Rev E 76 (2007) 041123
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Multiplicative noise Linear inhomogeneous Fokker-Planck equation:       Another 
mesoscopic mechanism leading to nonextensive statistical mechanics
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natural first physical choice

[see also L. Borland, Phys Lett A 245 (1998) 67]



Non, je ne regrette rien…
baleyé, oublié, je me fous du passé…

Edith Piaf

Je me souviens

Québec

1 statistical mechanics :q =

1 statistical mechanics :q ≠



Statistical mechanics of BEING Boltzmann-Gibbs (q = 1)

Statistical mechanics of BECOMING Nonextensive statistical mechanics
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Pois é, mal dá para acreditar, mas já se passaram mais de 20 anos da
proposta de generalização, baseada na entropia não aditiva Sq, da
magnífica mecânica estatística de Boltzmann-Gibbs [C. T., J. Stat. Phys. 
52, 479 (1988)]. E ainda tem inúmeros, fascinantes e complexos
aspectos a serem esclarecidos. Mas vários outros estão já razoavelmente
entendidos.  Uma revisão breve será apresentada, com ênfase nas
diversas verificações -- experimentais, observacionais e computacionais
‒ atualmente disponíveis das predições da teoria.                                  
Bibliografia: (i) http://tsallis.cat.cbpf.br/biblio.htm ; (ii) C. Tsallis, 
Introduction to Nonextensive Statistical Mechanics ‒ Approaching a 
Complex World (Springer, New York, 2009).  
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